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ITpenucioBue

Vaebroe mocobue COAEPKUT 33Ja49N W YIPAKHEHUHA, NPEIHAZHAYCHHBIC JIJI MPAKTHICCKUX
3aHATUI 10 Kypcy METO/I0B ONTHMHU3AINKA B KOHEYHOMEDHOM IIpocTpaHcTBe. PaccmaTpuBaror-
cd 3aJIauM TTOMCKA MUHUMYMA WJIH MAaKCUMyMa CKAJAPHON (DYHKITMH Ha MHOXKECTBE, PACIIOO-
JKEHHOM B KOHEUHOMEPHOM eBKJIMIOBOM IMTPOCTPAHCTBE W ONPEIEIsIeMOM KOHEUHOHN CHcTeMoit
OrpaHUYEHUI—PABEHCTB WK OTPAHUYEHUH-HEPABEHCTB. 33 OCHOBY MOCOOMS B3sITa MPOrpaMMa
kypca "Meronb! ontumMuzanun", KOTOPBI 9UTaeTCd Ha MEXaHUKO-MATEMATHIECKOM (DAKYJIBTETEe
HI'Y. Emy mpeaniecTByOT Kypchl MaTeMaTUIeCKOr0 aHau3a U JuHeitno# anarebpol. [lpeanona-
TAeTCsl, YTO CTY/AEHTHI y¥Ke 3HAKOMBI ¢ YKA3AHHBIMHU KYPCAMHU.

OcHOBHYI0 YacTh 0COOUsT COCTABJSIIOT 33/[a91 OTTUMUBAINHN, KOTOPbIE IIPUHSATO TaKKe Ha-
3BIBATH YKCTPEMAJBHBIMU 3ajauaMu. VX perenne mo3Bo/IsieT OCBOUTH ajrOPUTMBI COOTBETCTBY-
IOIIUX METO/I0B U MpUoOpecT HEOOXOMMbIE BEIYUCIUTEIbHBIE HABBIKH.

Ywucsio Teoperndeckux yrupaXkKaeruit Hepesiuko. OObraHO 0HM GOPMUPYIOTCS B IIPOIECCE UTe-
HUs JIEKIUN U, KAK OYEBU/IHbIE U HETPY/IHbIE YACTHU J0KA3aTEeTbCTBA HEKOTOPLIX YTBEDK/JIEHUM,
00s13aTe/IbHBI JIJIsI BBITOJTHEHUs. DTO 0OCOOEHHO KACaeTCs HEKOTOPBIX CBOMCTB BBINYKJIBIX (DYHK-
W, UCTTOTBL3YEMBIX B METOJIE MITPAPHBIX (DYHKINM U TTPU PETYJISTPU3AINNT HEKOPPEKTHBIX 3339
KOHEYHOMEPHOU OTITUMUBAIINHN.

OcHoBHBIE OnpejesieHnss U 0003HAUEHUsT, KOTOPHIE SIBJASIOTCA OOIIMMU JIjIs BCEX Pa3/Ie/IoB
mocobus, pacCMaTPUBAITCA B paz/l. 1. 9To KacaeTcs TakKux MOHATHUN, Kak 0OIasi MOCTAHOBKA 3a-
JlaMn ONTUMU3anun (BBOJUTCS MTOHATHE 3319 MATEMATHIECKOTO MTPOTPAMMUPOBAHNUA ), Te/IEBas
dyHKIHMSA, TOIMYCTUMOE MHOZKECTBO U JIOIIYCTUMOE PelleHne, JOKAIbHBIN U TJI00AbHBIN SKCTPEMY-
MBI, YCJOBHBIH 1 6€3YCTOBHBIN 3KCTPEMYMBI, HEKOTOPBIE 00IHe YTBEPKICHUS O PA3PEITUMOCTH
3a/1a9H.

Kaxmast HoBag Tema (B 0HOM pasjesie MX MOXKeT ObITh HECKOJBKO) HAYMHAETCS OIpeie/ie-
HUSIMUA ¥ TEOPEMAaMM, UCIIOJb3YEMBIMU JIajiee, U CChLIKON Ha JINTepaTypy, I/e MOXKHO HAUTH
nonosHuTebHbIEe cBejenust. [lomobuast cTpykTypa nocodbus MOXKeT 0Ka3aTbCsl MOJIE3HON npu ca-
MOCTOSITE/TbHOM U3YIEeHUN KyPCa.

Pazn. 2, roe paccMarpuBaroTCs o0IIre METOJIbI PEIICHUs 331349 C HEIPEPhIBHBIMU U Helrpe-
peiBHO mauddepenmmpyeMbiMu (DYHKIIMAMEI, OPEACTABAIET CODOil BBOJHYIO YaCTh W CONEPIKUT
KJIACCUYECKNE METObl PEIIEHUs 3a/ad MAaTEMATHIECKOTO porpaMMupoBanus. OCHOBHOM yIiop
3/IeCHh CIIeJIAH HA, METOJIe HeOIPeIeEHHBIX MHOXKHUTeaeH Jlarpamka, W3BeCTHOM CTYAEHTAM [0
KypCY MaTeMaTHIeCKOTO aHAII3a.

B cBssu ¢ orcyTcTBHEM €MMHBIX YUEOHBIX MOCOOHI MO MPAKTUYECKUM 3aHSITHAM, COOTBET-
CTBYIOIIUX YUTAEMOMY KYDCY, & TAK»Ke B CBsI3U ¢ HEOOJIBIITUM KOJUIECTBOM BPEMEHU, BbIjIeJIsie-
MBIM Ha, HUX 110 y4eOHOMY IJIaHYy, B TOCODUE BKJIFOUEHBI TIPUMEDDI, WLIICTPUPYIOIINE METO/bI,
Tpebytorue H60/IbIIOro 06bEMa BBIUUCIEHUH. DTO IIPEXkKIEe BCEI'O KACAETCS METO0/1a BO3MOXKHBIX
HaIPaBJEeHUH U 9aCcTUIHO MeTOo/1a, mTpadHbIX PyHKIUIA.

FEcrecrrenno, aro B mocobum, mpeqHA3HAYEHHOM JIsi TIEPBOrO0 3HAKOMCTBA C MPEIMETOM,
MPEJICTABICHBI TOJBKO OCHOBHBIE MeTo/bl. Halma 1eiqs — TMO3HAKOMHUTH CTYIEHTOB C HEKOTO-
pBIMU TpUEMAMHU W METOJAaMU PEeINIeHus 33724 KOHETHOMEPHON OIMTUMU3AINN, KOTOPBIE MOTYT
MPUTO/INTHCS IPU aHAJIU3E BO3HUKIIEH Tepes] HUMU PEeAThbHOM 33189l OTTUMUA3AITIH.

Kpowme Toro, B mocobuum me paccMaTrpuBaIOTCT UHUCIEHHBIE METOIBI PEIeHus 33349 6e3yCa0B-
HOH ONTUMHU3AINY, TaAKHe KaK Pa3jndyHble MOAMMUKAINN TPAJUEHTHOTO MeTo/a, MeTrona Hero-
TOHA, UMEIOIIe OOJIBITOe MTPAKTUIECKOe 3HAUEHNE W U3JaraeMble B TEOPETUIECKOM KypCe. ITO
CBSI3aHO € TEM, UTO BPEMSs, BBIJIEJIEHHOE JIJIsI CEMUHAPCKUX 3aHATUH, TT03BOJISET O3HAKOMUTHCS
TOJIBKO C CAMBIME OCHOBHBIME METOAaMU B (popMe, He TPEOYIOIIeit 00/IbIToro 00bEMa BEIIUCICHUH
U UCIIOJIb30BAHUS KOMIITBIOTEPHBIX ITPOIPAMM.

Cireyer TakaKe y4ecrhb, 4T0 HEKOTOPBIE U3 METOI0B OITUMU3AIIAN JIJIsl CIIENUAIbHBIX KJIaCCOB
3aja4 u3aaraiorca B Kypce "Uccienopanne omepartmit".



1. OcHOBHBIE onpeiejieHnd U 0003HaYEHUs

B nasbmeiinieM HIIOIL3YIOTCA CAEIYIONNE 0003HATEHHS:
Z — MHOXKECTBO LIEJIbIX YUCEJI;
FE, — n-MepHOe eBKJIHI0BO IPOCTPAHCTBO;

Ty
Z2
T = — BEKTOP—CTOJIOEIT, TOYKa IIPOCTPAHCTBa Fy;
T,
x" = (21, 2,..., Tp) — BEKTOPCTPOKA; CAMBO/I | IIPHMEHSIETCS JTs ODO3HAUCHHS OIIepa-

MM TPAHCIIOHUPOBAHNS;

{z € X| Q} — mHO)KeCTBO BCex 3memMenToB 3 X, obaagatomux coitcrsom Q. Ecim X = E,,
TO ucnob3yercs 3amuck { | Q};

[,y ={z| z=azx+ (1 —a)y, 0 < a <1} — oTpe3ok ¢ KOHIEBLIMU TOUYKAMU T U Y;

(z,y) = [,y \{z,y} = {2z | 2 =ax+ (1 —a)y, 0 < a < 1} — unHTEpBaJ, AHAJIOIMIHO
obo3HavaloTcst moaynaTepaibt (z,y| u [x,y);

(x,y) =Ty = Y i) TiYi — CKAIAPHOE NPOU3BELCHNE YIeMEHTOB T U Y;

|z|| = \/(z,z) — eBKIMIOBA HOpMa BEKTOPA I;

p(x,y) = ||l — y|| — eBrummoBO paccrosiHue Mexky TOYKAME T U Y;

Us(z) = {y | p(z,y) < €} — e—oxpecmrnocmsd T0UKM T, T. €. 3AMKHYTHIi AP pajuyca € ¢
OCHTPOM B TOYKE T.

Ilycrs X C E,, u x € E,,. Touka T Ha3bIBaeTCd Mo4k0t NPUKoCHO6EHUS MHOXKECTBA X , €CJIH
ast moboro € > 0 muoxectso X N U (x) memycro. MuowecTso X Bcex TOYeK MPUKOCHOBEHUS
MHOKeCTBa X Ha3BIBAETCH 3ambikanuem Muoxkectsa X . Touka = masbiBaerca npedeavhol mou-
Kot MHOXKeCTBa X, ecyin Jitobasi E-0OKPECTHOCTh ITOH TOUKM COIEPKUT OECKOHEYHO MHOTO TOUYEK
vuokecTBa X . Touka x Ha3bIBaeTca suympenneld moukol MuoxecTsa X, ecan Hafimérca € > 0,
nyist koroporo Ug(z) C X.Yepes IntX o6o3nauaercs MHOXKECTBO BCEX BHYTPEHHUX TOYEK MHO-
xecTBa X, HA3BIBAEMOE 8HYymMpernHocmvlo Muokectsa X. Touka x € X Ha3BIBAETCI 2pPaHU%HOU
moukoti MHOXKeCTBa X, ecn B JII060H €8 OKPECTHOCTH HaMIyTCsd KaK TOYKH, IPUHAJIIEKAIINE
MHOKeCTBY X, TaK U TOYKHU, HE TIPUHAIeXKAITIE 3TOMY MHOXKecTBY. Muoxkectso FrX = Y\IntX
SBJISETCS MHOYKECTBOM BCEX TPAHUYHBIX TOUEK MHOKECTBA X M HA3LIBAETCA 2paHuteli 3TOr0 MHO-
xkecrBa. Touka &, npUHAIEKAIIAS MHOXKECTBY X , HA3BIBAETCS Kpalinedl (Y240601) TOUKOH 3TOr0
MHOZKECTBA, €CJI He cymecTByer takux o', z2 € X, x! # 22, uro . = (2! + 22)/2.

Kpowme Toro, st Touek & u y NpocTpaHcTBa £, 9acTto OyayT UCIOIB30BATHCS TaKue 0603HA-
YEeHU !

T >y — 9acTUUHbBIA TOpsAoK B E,, o3Havarommii, 9to x; > y;, (i = 1,n). Bxech n namee
zamvch "1 = 1,n” caeayer unrars "aas seex i € {1,...,n}";

T > y o3HaYaeT, uTo T; > y;, (i = 1,n);

T # Y 03HAYAET, 9TO T; F Y; XOTA OBl JJIA OJHOTO WHJIEKCA, 1

f'(z) — rpagment ckangpuoit pynknuu f(r) B TOUKe T:

O )

st popmyaupoBaHus obIIe#l 38891 ONTHMABAINNT HEOOXOIMMO 3aJaTh:

1) npocrpancTBo X';

2) MHOXKeCTBO (BO3MOXKHO, COBIa IatoIee co BceM mpocrpancrsom) X C A

3) orobpaxenne f: X — FEj;

4) kpurepuii (MAKCUMyM WM MUHUMYM ).

Torya 3a1a9y MUHUMEAZAINAA (MAKCUMU3AINHT) MOYKHO 3alUCATh TAKUM 06pa3oM:



flz) —  Jdin (f(z) — xg%()-

O0BITHO W3BECTHO, 0 KAKOM MPOCTPAHCTBE X WAET pedb, W MUIITYT TPOCTO
) — min ) — max). 1
flw) — min (f(z) — ma) (M)

Pe]_HI/IT]) 339y MUHUMUI3AIINUN O3HAYAET:
1) 6o maiitn Takywo touky z* € X, uro f(x*) < f(z) nns Becex © € X; B 3TOM Ccoryuae
IIUITTIEM

f(@") = min f(x);

zeX

2) 6o, ecm TAKOW TOYKM T He CyIecTByeT, HAlTh

* = inf f(x);
f rzeX f( )7
3) b0 mokazarh, uro dbyukima f(x) Heorpanuvyena CHU3y Ha MHOXKECTBe X, T. e. f* = —o0;

4) 6o ycTaHoBuUTh, uT0 X = ().
B cuny oueBmmHOTO paBeHCcTBA

max f(z) = —min(-f(z)),

He Tepsist OBIMIHOCTH, MOYKHO PACCMaTPUBATH TOJHLKO MHOKECTBO 3a7a9 HA MUHUMYM. 3aMETHM,
YTO J71sT 0003HAUEHWST MAKCUMYMa U MHHUMYMa UMEETCsl 00beINHSIIONTIII UX TEPMUH — 9KCMpe-
mym. Bamucs f(r) — extry o3Havaer, 4TO MIETCT U MaKCUMyM, U MuHuMyM byakmun f(x).
[Ipu 5TOM TOUYKH, B KOTOPBIX JIOCTUTAETCS SKCTPEMYM, HAZBIBAIOTCS IKCMPEMAALHBMU TOYKAMU.

Muoxecreo X B 3ajade (1) HasbBAETCH JONYCMUMBIM MHONCECMEOM, 8 €TI0 TEMEHTHl —
JONYCNUMBMU MOUKAMU.

B koneuynomepnom ciyuae X = E,, a jgonycrumoe MHOKeCcTBO X 0OBIUHO 33/12€TCH B TAKOM
BHUJIE:

X ={x | ¢;(x) <0, j = Tm}, (2)

e (), j = 1,m — sajaunnie ckansapuble dynxiuuu. 3agaua (1)—(2) naspisaercst ocnoenot
sadavel mamemamuyeckozo npozpammuposarus. Hepaserncrsa j(x) < 0, ompezessionnue o1y-
CTUMO€E MHOXKECTEO, HA3bIBAIOTCS 0zpanuveruimy. Pyuxiuio f(z) HaspiBaloT yeaesot dynxyuet,
a TOUKy T — onmumasvhvim peweruem 3agaan (1)—(2), wm onmumasvroti mouwkot, wnm mou-
Koli 2a06aab1020 munumyma byaxnuu f(x) wa muoxectse X. Ilpu 9TOM 9acTo HCIOJB3YIOT
obozmauenne r* = argmin{f(z) | z € X}. MHOXeCTBO BCEX ONTUMAIBHBIX TOYEK 0DO3HAUUM
gepes X* = Argmin{f(z) | z € X}. Ouesunno, uro

X*={z"e€ X | f(z*) =min f(z)}.
zeX

Touka = € X HazbiBaeTCsl MouKkol A0KAALHOZO0 MUHUMYM DYHKIUU f, ecau cymiecTByer
takoe € > 0, uaro f(x) < f(y) nnsa secex y € X NU. (). OueBuguo, 4T0 BCSIKas TOYKA MI0OAIHLHOTO
MUHUMYMa, gBJISIETCS TOYKOM JTOKAaIbHOTO MuHnMyMa. OOpaTHOe yTBepXK IeHre, BOOOIIe TOBOps,
HEBEPHO.

Bajaua MuauMusanuu (1) mHaswiBaercs 3amaueii 6e3ycaoenol MuanMusanuu, ecin X = Ey.
Ecsn muo)kecrBo X mmeer Buf (2), To 3amaga (1)—(2) HasbBaercd 3a1a4eii yca0610t% MUHIMA3a-
tuu. Ipu arom HeBakHO, coBlajaer i MHoKecrBo X ¢ Ey, wim ner. Hanpumep, 3ajaua (1)—(2)
c X ={x| — 2% <0} cunraercs 3aaveil yCIOBHON MIUHIMU3AIA.



ITpu pemennn KOHEYHOMEPHBIX 33129 ONTHMU3AINN B Psijie CIydaeB MOYKET OKA3aThCs T10-
JIE3HOH Cjemyrolad TeopeMas

Teopema Beitepriirpacca. Feau ¢ynxuusn f(x) onpedesera u nenpepuiena wa 3a.MKHYMOM
ozpanusennom mrodcecmee X, mo ona docmu2aem Ha 3MomM MHONCECTNGE CEOUT MOYHYIT 6EPT-
Heli U HUdHCHeT 2paHuy.

JIpyruMy CJI0BaMH, IIPU BBIIOJIHEHUH YCJIOBHI TEOPEMBI BCErIa CyMIECTBYIOT TaKue TOYKH &’
u 2" muoxecrBa X, uro f(2') < f(z) < f(2”) nna Beex x € X. C nomompio Teopemsbr Beiiep-
MITPACcca MOXKHO MHOT/IA ONPEIENATh, JOCTATAeT U (PYHKIIUS CBOErO IVIOOAJILHOIO MUHAMYMA, 1
MAKCUMYyMa, UJIA HET.

IMpumep. [Tpu kakux 3navenmsx napamerpos a u b dynkuns f(z,y) = = + ay mocruraer
CBOEro MUHEMyMa Ha MHOXKecTBe X = {(x,%) | ba? — 2zy + 3% < 1}7

Pemenne. Slcno, uro dpynkums f wenpepwisaa npu jgobom a. [Hockonsky X = {(z,y) | (z —
y)2 + (b—1)z? < 1}, o mpm b > 1 mMEOKecTBO X ABIAETCA SJUTHIICOM U IO TeopeMe Beitep-
mrpacca f mocturaer cBoero Mmuammyma. lpu a = —1 u b = 1 momyunm, uro f(z,y) = = — v,
aX={(x,y)| —1<(z—y) <1} dcno, uro MunuMasbHOe 3HaYeHre MYHKIUY, paBHoe —1,
nocruraercs. 1JoKaxkem, 9ro IPH BCEX OCTATBHBIX 3HAYECHHUSX TMAPAMETPOB @ M b MUHUMYyM HE
mocruraercst. Eeim b < 1w a # —1, To TOUYKH BUAa y = = OyIyT AOIMYyCTHMBIMHE IIPH JIIOOOM
x. Ipu srom dyukuus f(x,r) = (a + 1)z nosyyaercs HeorpaHudeHHON cHu3y: ecan a < —1,
to f(x,r) — —oo mpm © — +o00, a ecsim a > —1, ro f(x,z) — —o00 mpnm r — —o0.
Haxkonen, B ciayuae b < 1,a = —1 nosnoxum y = (1 — /1 — b)z. Herpysno 3amerurs, 94ro TOT1a
(x—y)?+ (b—1)z? = (1-b)z?+ (b—1)2% = 0, 1. e. TAKHE TOUKH ABJIAIOTCS JOIYCTUMBIME IPH
mobom z. Ho f(z,y) =2 —y=+1—br — —o0 pu © — —o0.

Taxum o6pazom, pyHKIU f JOCTUTAET CBOETO MUHUMYMa, Ha, MHOYKecTBe X TOJBKO rpu b > 1
n moboM a mm pu b =1n a = —1.

3amaun

1. Ilycrs dpynrnun f(x) n g(x) mocTuraror rrodagsbHOrO MUHEMyMa Ha MHOKecTBe X . Bep-
HO Jin, uro dyskiua h(z) = f(z) + g(z) Takxke gocruraer rao6aIbHOrO MUHUMYMa HA YTOM
MHOYKeCTBe?

2. Tlpu kakux 3Hauenusx napamerpa a dyuxmus f(z) = (a+ 1)z + alnz — 2sinz mocturaer
Fﬂ06aﬂbHOI‘O MUHUMYMa Ha MHOZKECTBE TTOJIOKUTEC/IHHBIX ql/Iceﬂ?

3. Ilpu kaxmx 3Hadenuax napaMerpa a byukmua f(z,y) = (a—2)(a—3)e® + |y +10|/(y>+1)
jlocTHraeT riaobaabHoro MuHEMyMa Ha MuHOKecTBe X = {(7,y) | (@ — 4)2% + y? < 1}7?

2. 3a/1laun HEJIWHENHOTO ITPOrPaMMUPOBAHUSI

B nmammoil TiiaBe paccMarpuBarTCd 00IIMEe METOMBI PelleHnst 33734 MaTeMaTUudecKoro mpo-
TPAMMWUPOBAHUSA, OCHOBAHHBIE Ha, 3HAHUAX, MOJYIEHHBIX CTY/IEHTAMU B KypCe MaTeMaTHIeCKOro
anasuza. Ilpu srom mpejgnosaraercs, uTo Bce (DyHKIIUN HEIPEPBIBHBI U NMEIOT HEIPEPhIBHBIE
ITPOW3BOIHBIE COOTBETCTBYIOMIETO MTOPIKA.

2.1. OgHomepHbIii ciydaii

Nmeem 3agaay

f(z) — extreex,

rne X C B} — COBOKYMHOCTH OTPE3KOB, MHTEPBAJIOB, TIOJYUHTEPBAJIOB.

Teopema ®epma. [lycmv Pynruyus f(x) Juddeperyupyema 6 HEKOMOPOM NPOMENHCYMKE
X u 60 enympennet mouke T 9M020 NPOMENCYMEKG NPUHUMGEM Haubosvwee (Haumenvbuee)
anauenue. Tozda f'(x*) = 0.



Taxkum obpazom, skcTpemym auddepeHnupyeMoit PyHKITUN CAeAYEeT UCKATH B CMGUUOHAD-
HBLZ TOUKAX, T. €. B TeX TOUKAX, TJe MpOu3BoaHas (byHKIMK pasHa Hy/110. Kpome Toro, "mogospu-
TeJILHBIMEU''Ha, 9KCTPEMYM SIBJISIOTCH TOYKN, HE MOANaaomme mo aeiicreue Teopembl Gepma, a
MMEHHO: TPAHUIHbIE TOUKH, TOUYKH Pa3pbiBa (DYHKINU U TOYKH Pa3pblBa IPOU3BOIHOII.

IIpaBusio HAXOXKJIEHU TJIOBATBHOTO IKCTPEeMyMA. /a4 HAL0HCICHUA 2A4060A46HO20 IKC-
mpemyma Pynryuu f(x) na mruoocecmee X C Eq nyotcno natimu caedyrouwue MHOMCECMEa Mo-
wex:

1) wmmnoorcecmeo cmavuonapror movex X1 = {x € X | f'(x) =0};

2) mmooicecmseo mouex paspwea Pynxuuu Xo = {x € X | f(x) — paspusna };

3) mmoorcecmso mouex paspuea npouzsoonol X3 = {x € X | f'(x) — paspwsna };

4) MHOJICECTNBO 2DAHUNHULE MOYEK (8 MOM YUCAE U MOUKU £00, eCAl OHU NPUHAOAEHCATN
donycmumomy mnosicecmey) Xq = FrX = X \ IntX.

Iocae 9mo2o HeoOTOOUMO EBIMUCAUMD SHAMEHUA PYHKUUL 6 IMUT MOUKAT U 650pamsd cpeiu
HUZ HGUOOALWEE U HGUMEHBWEE 3Ha%eHUA. Fcau coomeememeytouue mouky npuraoiedcam
mHoocecmey X, mo MUHUMYM UAU MaAKCuMym docmuzaemca na muoocecmee X . B npomuenom
CAYHAE UMEEM MOYHYI HUNCHION UMY BEDTHION 2PAHULDL.

CdopMynmupoBaHHOE TIPABIIO TIO3BOJISIET UCCIEA0BATL HA SKCTPEMYM JOCTATOYHO IIMPOKMIt
KJracc PyHKImii.

IIpumep 1. Haiitu skcrpemym dyukmuu f(z) = 22/3 — (22 — 1)1/3.

Pemtenne. Ilpoussoguas
2 (1'2 _ 1)2/3 _ LL‘4/3
3 2l/3(22 —1)2/3

HeIpepeIBHA Be3ze, kpoMe Touek © = 0 u x = £1. /s HaxoKIeHusT CTAITMOHAPHBIX TOYEK MPH-
PABHHEBAEM HYJIEO YHCIHTETb IPOM3BOAHOM 1 mosydaeM = = ++/2/2. Takum o6pazoM, 0103pH-
TeLHBIMU HA SKCTPEMYM SABJITIOTCS TOYKM MHOXKecTB X1 = {—v/2/2,v/2/2} n X3 = {—1,0,1}.
ITpu arom Xy = (), a na rpannne muoxkectsa X = F1 uMeem

fl(a) =

lim f(z)= lim f(z)=0.
T—-+00 T——00

Boruncimy 3nadenne Gynkimn B naiiennbix Toukax: f(—1) = f(0) = f(1) = 1, f(—v/2/2) =
f(v/2/2) = 2/+/2. Taxkum obpasom, HanGobiee 3aadenne byHKIHE f(T) I0CTHIACTCH B TOUKAX
r = +1/2/2. Hamvensimero 3uadenns dbysknms ze mveer, a inf f(x) = 0.

Bameuanue. [lockoabky byukuus f(x) ssaserca gérnoit (1. e. f(x) = f(—x)), To nocra-
TOYHO OBLIO MCcie10BaTh €€ Ha uHrepsase [0, 00).

IIpumep 2. Haiitu nanbosibiniee u HauMembliiee 3HadeHne PyHKIUN

22 =5z +6

flo) = 2 +1

Peutenue. [Ipoussonnas dbyukiuu f(z) ects

;o\ Bx?—10z -5
T ="

Ouesumro, uto Xo = X3 = 0, a X1 = {1 — /2,1 + v2}. Opu stom, f(1 —2) ~ 7.04
f(14++/2) ~ —0.03. Ha rpannme nMeem
lim f(z)= lim f(z)=1.
r——00

r—-+00

TaxuM o6pa3om, HaunGosbiree 3aadenue Gyakmn f(r) gocruraercs B Touke x1 = 1 — /2, a
HAMMEHbIIee — B TOUKe To = 1 + /2.



3agaun

1. Haiitit axcTpemMyM dyHKITHN:

1) f(z) = cos®z +sin®z npu z € By;

2) f(z) = (1+22)e* upn z € By;

3) f(x) = (2% — 32 +2)/(z + 1)? ma orpesre [—2,2];
4) f(z) =z — 2sinz mpu z € [0, 400);

5) f(x) = 2?3 npu x € [~1, +00);

6) f(z) = |z|e”* upu z € [-2,2];

7) f(z) =2z —1npuz € [-7,2];

8) f(z) =z/|z] — 1 upn z € [-7,2];

9) f(z) = z(x —2)*3 mpu z € [-1,400).

2. Jlokazars, aro |3z — 23| < 2 mpu |z| < 2.
2.2. MuaoromepHasa 6e3yc/iOBHAA ONTHUMU3AINA

Paccmorpum 3a1ady HAXOXKIEHUS JIOKATBHOTO IKCTPeMyMa CKaaaproit dbyukmun f(z) npn
zek,.

Heo6xoaumoe ycaoBue JIOKAJIBHOTO KCTpemyma. ITycms gynkyus f(x) onpedesena,
HENPEPBIBHA U HENPEPBIeHO Juddepenyupyema 6 Hexomopol oxpecmuocmu mouku ™. Tozda, das
mozo umobu, 6 mouke T* docmuzascs sxcmpemym, neobrodumo ewnoanenue yeasosus f'(x*) = 0.

Touxu, yIOBIETBOPSIONIAE STOMY YCIOBHIO, OyIeM HA3LIBATL CMAUUOHAPHBIMU.

D aiyiy (1)

Ksanparuanas dopma

i=1 j=1
OT TIEPEMEHHBIX Y1, . . ., Yn, TJ€ Gjj = Qji, HASBIBAETCS CMPO20 NOAOHCUMEALHO (OMPUUAMENLHO)
onpedesénnoti, €CJIM OHA UMEET MOJIOKUTEIbHbIE (OTPUIATETbHBIE) 3HAUEHUSI TPU BCEX 3HATCHUSIX
apryMeHTOB KpoMme Y1 = ... =y, = 0. Ecim kBaaparuunas dhopma (1) nmeer mHeorpumarebHbe

(HEMmOIOXKNTEIbHBIE) 3HAYEHUST TIPU BCEX 3HAYCHUSIX apIyMEHTOB, TO OHA HA3BIBACTCS NOA0HCU-
meavHo (ompuyamesvro) onpedeiénHot.

ocraTouHoe ycJoBue JIOKAJIBHOrO 3KcTpemyma. [lycmo dynryua f(x) onpedesena,
HENPEPVIGHG U UMEEM HENPEPLIEHBIE NPOUSBOIHBIE NEPBOZO U GMOPO20 NOPAIKOE 8 HEKOOPOT
-;flixj (z*). Tozda, ecau Keadpamuunas
Popma (1) oKasvieaemes cmpozo NOACHCUMEALHO (OMPUUATNEALHO) ONPEIEAéHHOT, MO 6 ToYKe
x* docmuezaemca AOKANOHBITL MUHUMYM (MAKCUMYM).

Kpurepuiit CunbBecrpa. /las mozo wmobv keadpamuunas popma (1) 6viaa cmpozo noso-
HCUMENBHO ONPEEAEHHOT, HEOOLOOUMO U QOCTNAMOUHO, 4MObLL 6CE 2AAEHBIE MUHODPDL MATMPULDL
A= (aij)i,j:ﬁ HbLAL NOAOHCUMEALHBIMU. JAA noaodcumesvnol onpedeitrrocmu Keadpamu-
HOT POPMBE HEODTOOUMO U JOCMATNOUHO, YMOOBL BCE MUHOPYL ObLAY HEOTNPUUGTNEALHBLMU.

Tak Kak CTPOro OTPHUIIATEILHO ONpeneséHHasl (popMa ¢ M3MEHEHHEM 3HAKa BCEX €€ UIeHOB
MTEPEXOIUT B CTPOTO TOMTOKUTETHLHO OTIPEIETEHHY IO U 00PATHO, TO OTCIO/A JIETKO MOy IUTh KPUTE-

PHit CTPOTO OTPUILATEIBHOM 0NPeJIeIEHHOCTHU: BCE TJIaBHbIE MUHOPBI HEUETHOIO TOPAIKA JOJIKHbI

oxpecmuocmy cmayuonaprot mowky . Iosoorcum a;; =

OLITD OTpuIaTe/JIbHBI, & YETHOIO0 — IIOJIOXKUTEABLHBI.



B wacrHOCTH, qMATOHATLHBIE JIEMEHTHI MATPUIBI A JJIsi CTPOrO TOJIOKUTENBHO (OTpHIa-
TEJIBHO) OTPEAETEHHOH (DOPMBI TONKHBI OBITH TOJIOKUTEIBHBI (OTPUIATEBHEI).

Ecnn kBagparuanas opma MOXKET TPUHUMATH 3HAYEHNS TPOTUBOTIOIOKHBIX 3HAKOB, TO OHA,
HA3BIBAETCS HEONPEIeAEHHOU.

ocraTouHoe yc/J0BU€ OTCYTCTBHUS IKCTPEMYyMA. FCat npu 6uiNoAHEHUL CHOPMYIUPO-
BaHHHIT 6vitue Ycaosuli na dynryuro f(x) xeadpamuunasn dopma (1) 6 cmayuonaprot mouke x*
ABAAECNCA HEONPEIEAERHOT, MO 6 IMOT MOUKe IKCMPEMYMAL HEM.

Cuayuait, Korya KBagparudaas ¢popma (1) mos0KUTETHHO (OTPHIIATETHHO), HO HE CTPOTO TI0-
JIOZKUTEJIbHO (OTPULATEIBHO) OnpeiesieHa, saiserca "comanrenpubim”. B 9rom ciayqae B 3aBu-
CUMOCTU OT MOBEACHWA BBICIITUX TTPOU3BOAHBIX IKCTPEMYM MOZKET KaK 6BITB, TaK W HE 6]3]Tb.
Uccnenopannem "coMHUTENBHBIX CTyUaeB Mbl 3AaHUMATHCA HE OyIeM.

IMpumep 1. Haiiti Toukn jokaabpHoro skerpemyMa dyuknun f(z) = 1235 +1209 — 323 — 323

Pemenue. [Iyst HaxX0XKIHU TOUYEK IKCTPEMYMa HEOOXOJIMMO PEIUTh CUCTEMY

{ 3/61 (x) = x% + 2%13?2 — 63?1 = O,

() = 22 + 27179 — 622 = 0.

Berars 3 mepBoro ypaBHEHUs] BTOPOE, MOCJIE HECJIOXKHBIX Mpeodpa3oBaHuil MOJIyuuM ypas-
nenue (r2 — 1)(z1 + x2 + 6) = 0. Paccmorpum sBa coaydast:

a) 1 = xo. llojcTaBisAs B IepBoe ypaBHeHHe, MOJTydaeM, 9To 377 — 6x1 = 0, T. e. cTammo-
HAPHBIME SIBASIOTCS TOUYKN X1 = To = 0 1 1 = x9 = 2. MaTpuma BTOPHIX MPON3BOSHBIX TMEET
BHJT

2x9 — 6 221 + 229
2x1 + 219 221 —6 '

Tak kak npu 1 = 2 = 0 COOTBETCTBYIOIIAsT KBaJIpaTudHas (popMa CTPOro OTPUIATETHHO
onpegenena, To B Touke (0,0)" mocruraercs nokambHb MakcumyM. B Touke = (2,2) xBaj-
patnanast hopMa SABISETCS HEONPEJEIEHHON (BCE TIABHBIE MUHOPHI MATPUILI OTPUIIATETHHBI ),
MOSTOMY B Heil SKCTpeMyMa Her.

6) 1+ x2 + 6 = 0. Beipasus 2 4epes T 1 NOACTABUB B UCXOHYIO CUCTEMY, TIOJTyIUM yDaB-
HeHune a:% + 621 — 36 = 0, KOpHAMHE KOTOPOro 6yayT unciaa +3v/5 — 3. Takum o6pa3oM, HAXOIUM
emé age crammonapusie Touku (3v/5 — 3, —3v/5 — 3) u (—3v/5 — 3,3v/5 — 3). B cuny cummerpmd-
HOCTH 9THX JBYX TOUeK M DYyHKIMU f(X) [0 MEepeMeHHbIM 1 ¥ T2, JOCTATOYHO MCCJIEI0BATH HA
SKCTPEMYM TOJIBKO TEPBYI0 n3 HuX. MaTpuiia BTOPBIX NPOMU3BOIHBIX B HEHl MMeeT BT

—6v5 — 12 —12
—12 6v5—12 )

[ockombky —6v/5 — 12 < 0, a 64/5 — 12 > 0, To SKCTpeMyMa HeT.

Taxum 06pa3oM, eIMHCTBEHHBIM JIOKATBHBIM SKCTpeMyMoM spisercs Touxa (0,0) ", rae mo-
CTUTAETCHd JIOKAJALHBIN MaKCUMYM.

ITpumep 2. Iokazars, uro dbyuxnus f(z) = (1 + e*2)cosz; — z2e™ umeer HGECKOHEUHOE
MHOXKECTBO JIOKAJBbHBIX MaKCUMYMOB M HU OAHOT'O JIOKAJIBbHOTO MUHUMYMa.

Pewmenue. [IpupaBauBas K HyJII0 YaCTHBIE IIPOU3BOIHBIE, MOIYIAEM CHCTEMY

{ 2 () =—(1+€")sinz; =0,
v () = €™ (coszy —xp — 1) = 0.

13 nepsoro ypasuenus ciegyer, uro 1 € {kw | k € Z}. llogcrasasts B0 BTOpoe ypasHEHUE,
nosydaeM, 9to g = 0, ecim k wérHOe, M X9 = —2 B nporuBHOM ciydae. CregoBaTepHO, I0-
JIO3PUTEJILHBIME HA SKCTPEeMyM dBJsoTca Touku Buja (2km,0) u ((2k + 1)w, —2), rue k € Z.
Brimmimem MaTpuity BTOpPBIX TPOM3BOIHBIX:
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—(1+4€e*?)coszy —e"2 sin x;
—e®2sin e*2(cosxy —xe —2) )

B roukax Buma (2km,0) umeem a1; = —2, aze = —1 m a12 = az; = 0, T. €. COOTBETCTBYIO-
mas KBapaTudHas (popMa CTPOro OTPUIATENTBLHO ONPEIEIEH A, U ITH TOYKH ABJIAIOTCH TOUKAMU
JIOKQJILHOT'O MAKCHMYyMa.

B roukax suga ((2k + 1)m, —2) noayunm, uro a;; = 1 +e2 > 0, axpg = —e 2 < 0 n
a12 = az1 = 0. 3HAYUT, COOTBETCTBYONAA KBaApaTuIHas (bOpMa HEOIPEEIEHA, M B 3TUX TOUKAX
SKCTPEMYMa, HET.

IIpumep 3. B unciaennbIx MeTOAaX ONTHMU3ANAA MTMPOKO UCTIOIB3YeTCT TaKoil oaxos. Bei-
bupaercs HauasjbHas Touka 0, a 3aTeM Ha KasKOM IIare BBHIOMPAIOTCA TaK HA3BIBACMBIC Ha-
npaeaenue deuscenun — Bextop pF € E, u sesuwuna waza ap > 0, m nomaraerca rFTl =
zF + agp” (k = 0,1,...). Ilpu sroM B 3aJa4e MUHUMU3AIAE BHIOUPAIOT p* 1 ap Tak, ITo6HI
peimosHsnock mepasencrso f(xF 1) < f(2F). B casu ¢ stuM npeacraBiser maTepec oTeT Ha
porpoc: " ¢IBgeTcs m JOCTATOYHBIM /15 JJOKAILHOTO MEAIMYMa hyHKmmAn f () B ToUke ¥, 94To-
661 9Ta QYHKIUA UMETa JIOKAJTbHBIN MUHAUMYM BIIOJIb KayKION MPAMOM, TPOXOALAIIEH d4epe3 TOUKY
2*7” B ogHOMepHOM CIydae OTBET, OUEBUIHO, OyIeT MOTOKATENbHBIM. OHAKO, KaK TTOKA3hIBaET
coeytomuii npuMep, pu n > 1 310 He Tak.

Pacevorpum dbyuxmmo f(z) = (11 —23) (221 —22) u Touxy z* = (0,0) " . BossMém mpoussoiis-
HYIO IIPSAMYIO £1 = T2, TPOXOJAIILYI0 9epe3 ToUKy =™ (BIosb mpamMoit 2o = 0 mosyanmM hyHKII0
f(z1,0) = 222, koropast ouennHO MMeer MuruMyM nipu x1 = 0). Tlojcrasnss 1 = ary B GyHK-
nuio f (), mosmyuaem dyuknmo f(za) = f(awy,za) = (awy — x3)(2axy — 22). Ecu a = 0, 1o
f(xz) = 23, u B TOuKe To = 0 OHA UMeeT JIOKAIBHbII MUHUMYM. B IIPOTHBHOM CiIydae BEIIHIIEM
MTPOU3BOJIHBIE TIEPBOTO W BTOPOTO TOPAJIKA:

F(x2) = (a — 2x)(2awy — 23) + (azg — x2)(2a — 23),
F(x2) = —2(2awy — 23) + 2(a — 222)(2a — 223) — 2(azy — 23).

Orcroa mosygaeM, uTo Tpu @ 7# O BHITTONHSIIOTCS COOTHOTIIECHUS f’(O) =0mn f” (0) = 4a® > 0.
Takum 06pazoM, BIOIH KaxkKJI0H npsiMoii, mpoxoasaeii gepe3 touky =¥, dbyuxnus f(z) mmeer
JIOKAJTHHBINT MUHUMYM.

Y6eauThest B OTCYTCTBUM JIOKATLHOrO MuanMyMa byHKImn f(2) B Touke £* ¢ MOMOIIBIO Omnw-
CAHHBIX BBINE KPUTEPHUEB HE YIAETCs, TaK KaK MATPHIIA BTOPBIX MPOW3BOIHBIX OKA3LIBAETCS TIO-
JIOKUTETbHO, HO HE CTPOTO MOJIOKUTEIBHO OMpeeIeHHOi. Mbl TOKayKeM 0TCYTCTBHUE JJOKAJTBHOTO
MuHEIMYMa, "BpyuHyio". PaccMorpuM Tpu MHOKecTBa: X1 = {7 | 11 > 23}, Xo = {z | 221 < 23}
u X3 = {x | 22 > 21 > 23/2}. sIcho, uro Ha NMepPBHIX JABYX MHOMXKECTBAX (DYHKIIUS [OJIOKHUTEb-
Ha, a Ha TpeTbeM — orpunareabra. [lockoapky f(0,0) = 0 m B KaxK10if OKpeCTHOCTH TOYKH
HalJlyTCsl TOYKM M3 BCEX TPEX MHOXKECTB, B 3TOM TOYKE IKCTPEMyMa HET.

3amaun

1. Haiiti To9KE JOKAJIBHOrO 3KcTpemyMma dyuknuu f(z):
1) f(z) =2} + 223 + 523 — 27129 — 47123 — 273;
2) f(z) =af+ 23 — dw12;

3) f(z) =x1™ — (14 €™)sinzs.

2. Tlokazarsb, aro dbyukims f(x) nMeer 6CKOHETHOE MHOKECTBO JIOKATBHBIX MAKCUMYMOB U
HYW OJIHOTO JIOKAJBHOTO MUHUMYMA!
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1) f(x) = —(23+ 1)(sinzy + 2);
2) f(z) =sinz; — 23
2.3. 3agauu ¢ orpaHNMYeHUAMU—paBeHcTBaMu. MeToa Heorrpe e JEHHbIX MHOXKHUTEe-
Jgeit Jlarpan>ka

Temeps mepeiiném K anaandy 3a7ad yCAOBHON onmTmMmusanuu B F, W pacCMOTPUM C/Iydail
OTPAHUYIEHUM—PAaBEHCTB, T. €. PEITaeTcsd 3a1ada:

f(z) — min (f(z) — max), (1)
e
X={xe€E,|pjx)=0,j5=1m}. (2)

Bynem npenmojyrarars, aro m < n.
B nasmpreiimem HaM morpebyeTcs ciieyoniast
Teopema o HedaBHBIX (pyHKIUAX. [Ipednosoocum, 4mo:
1) dana cucmema us m ypasuenut ¢ n neussecmmuvimy (M < n)

Fj(z1,...,20) =0 (j = 1,m); (3)

2) ece pynxuuu Fj(x) onpedeaenvi, HenpepwiaHvi U UMeIOM HENPEPHEHBIE YACTIHBIE NPOUSEO0-
Hole no ecem apeymenmam 6 nexomopoti oxpecmuocmu Ug(2°) mouxu 2°, ¢ xomopoti Fj(z%) =0
(j=1,m, e>0);

3) awobuan

OF (29) OFy (x9)
oz e OTm
OF, (x0) OF, (2°)
o1 o OTm
Tozda:
. 0 . 0 .
a) 6 nexomopoti oxpecmuocmu mouku x°, codepocawetica 6 Us(x”), cucmema ypasnenud (3)
onpedeanem i, ..., Ty KaK 0OHO3HAUHIE GYHKUUL O Tyt - - - Tl
Zg ::j%(xnl+17"'>$n) (i:: 177n);

6) npu z; = 29 (i =m+ 1,n) smu dynrsyuu npurumarom snavernus x9 (i =1,m):

fil@mirs o ah) = (i =T,m);

6) ece dynwuuu fi(Tma1,. .-, Tn) (1 = 1,m) Henpepuinvl U UMENOM HENPEPHIGHDIE YACTHVIE
NPOUBOOHBIE NO BCEM APRYMEHTAM.

Crenyer obpartuTh BHUMAHWE Ha JIOKAJTBHBIN XapaKTep TEOPEeMbl CYIIECTBOBAHUS HEABHBIX
byHKIMIT: pedb WAET BCE BpeMsl O HEKOTOPOH OKPECTHOCTH paccMarpubaeMoii Touxku. Ho u B
TAKOM BHUJIE 3Ta TEOpEeMa MOJIe3HA.

PacemorpuM Teneps 3amady (1) o maxoxaennn skerpemyMa dbyakuun f () Ha Muoxkecrse X,
onpejessiemom yciosuem (2). [lpeanonaraercs, uro dbyukiuu f(xz), ¢;j(z) (j = 1,m) nenpepbis-
HBI ¥ HenpepbiBHO auddepentupyeMbl B okpectHocTr Ug (2*) HEKOTOPOI 9KCTpeMAaTbHON TOUKE
x*. IlycTh B 3TOi TOYKE PAHT MATPUIIBI YACTHBIX MPOU3BOIHBIX

01 (z*) 1 (z*)

ox1 e Oxn

ST (4)
Opm (z*) Opm (z*)

ox1 e Oxn
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pasen m. g onpenenéunocTu OyaeM CIUTATH, UTO OMPEASIUTE D

D1 (") D1 (a”)
o1 e OTm
T o

Opm (z*) Opm (z*)

o1 o OTm

Torma, B crIy TEOpPEMBI O HESBHBIX (DYHKITHAX, B HEKOTOPOH OKPECTHOCTH TOYKHU L* CHCTEMA
ypaBHeHui

pj(r) =0 (j=1,m) (3)

PaBHOCHJIbHA CHCTEME

:L’l:fl(Ierl,,IEn) (121,7771), (5)

rae f; — mesBHbIE (DYHKIMH, onpeensemble cucremoit (3'). Takuv 06pazoM, BOPOC 06 YCIOBHOM
SKCTPEMYME CBOJUTCH K BOIIPOCY O OE3YCIOBHOM SKCTPEMYME JIJIs CHOKHON (PYHKIINN

F(xm-i-l)' . '7$n) = f(fl(xm-‘rla s 7xn)7 . '7fm(xm+17 s ’xn)axm—i-l)- . 7$n)) (6)

B TOUYKe Z*. DTH COOOpaKEHUsT TMPUBOISIT K METOIY HAXOKICHWSA TOYEK, TOCTABJSIONIAX IKC-
TpeMyM (PYHKITMHU IIPU OrPAHUICHUIX-PABEHCTBAX. KCIn KakuM-T0 00pa3oM yraéres pa3peruTb
cucremy ypapnenuii (3') oTHOCHTEBHO MepeMeHHBIX X; (¢ = 1,m) U HafiTH ABHBIE BLIPAXKEHUS
st byukimii (5), TO 1610 CBOAUTCS K HAXOXK IEHUTO 6e3yCII0BHOTO SKCTpeMyMa iyist pyHkimn (6).
DTOT METOJ HA3BIBACTCS MEMOJOM UCKAMOUEHUA 3G6UCUMBE nepemerinir. MOoXKHO yKasaTh Apy-
roit My Th JJI8 HAXO0XK JICHUS SKCTPEMAIbHBIX TOUEK, He MTPE/INoIarasi, YT0 Mbl IMEEM SBHBIE BhIPA-
Keanst fyist pyHKnuit (5), X0Ta CymecTBoBanmne 3Tux (hyHKIUH NCIOIb30BaThHC Oyaer. Jlarpanx
MPEJIONKIIT METOM, B KOTOPOM BCE MTEPEMEHHBIE COXPAHAIOT OJUHAKOBYIO POJIb.

Merton meompenenéHHbIX MHOXKUTeseit Jlarpauka. Beegém B paccMorpenue HOBBIE
nepemennsie y; (j = 1,m) n bynkmmio

F(z,y) = f(@) + > yjei(x).
=1

[TepeMeHHBIE Yj HA3BIBAIOTCA heonpedesénmvimu muoocumenramu Jlaepanowca, a byuxnus F(x,y)
— Pynryuet Jazpanorca.

IIycts B TOUuKe x*, ynosnersopsiomeii cucreme (3'), BBIOJHEHBI YCIOBHS TEOPEMbI O HESIB-
Hbix dyukumax. Torga, qust Toro 4robel Touka T Gblia TouKoil sKcTpemyma 3agaqn (1)—(2),
HEOGXOTHMO CYIIeCTBOBAHHe TaKuX [uncen y; (j = 1,m), 4To BHINONHIIOTCS PaBeHcTBa

OF (z*,y*) _ /. =
T_O (i=1,n), (7)
OF (z*,y*) —
oy 0(j=1,m). (8)

Yenosus (8), oueBnmno, sxkBusanentHbl yciaosuam (3'). Tpu permennn 3amaun (1)—(2) nan-
HBIM METOJIOM CYIIECTBEHHYIO POJIb UIPAET IIPEINOIOKeHne 0 panre Marpuiis! (4). Yrobsr 6ITH
YBEPEHHBIM B TOM, YTO HE HPOIIYIIEHA HU O/(HA 110/103PUTEIbHAsE TOUKA, CJIEYeT IPeIBAPUTEIIbHO
YCTQHOBHUTD, 9TO 9TO [IPE/IIOIOXKEHIE BLIOTHIAETCA BO BCEX TOUKAX MHOXkKecTBa X .

IIpumep 1. Haiitun sxcrpemym dynkuuun f(z) = 1 + T2 + 3 + T4 Upu OrpaHUYEHUM—
pasencrse () = 1727374 — a* =0 (a > 0) B o6nacu X = {x; >0 |i=1,n}.
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Pemenne. [pumennm meron muokurenei Jlarpanxa (ycioBue Ha padr MaTPUIBI B 061aCTH
X oueBuHO BBHINOIHEHO). BBesém muoxurens y u dyuknuio F(z,y) = f(z) + yp(z). Cucrema
ypasuennii (7)—(8) npuanmaer Buj

F, (z,y) = 1+ x2w324y = 0,
F, (x,y) =1+ 212304y = 0,
F, (x,y) =1+ 212204y = 0,
F, (z,y) = 1+ z120w3y = 0,

Fé(x, y) = r120w324 — 0t = 0.

OdeBuppo, uro y # 0, MO3TOMY MOXKHO 3aITMCATH PABEHCTBA —1/y = T1X9T3 = T1Toxy =
T1T3%4 = XTox324. OTCIOMA CIIEIYET, YTO T1 = T2 = X3 = X4. llomcTaBass B mocaennee ypaBHEHHE,
MOJIy9IaeM, 9TO T; = a Jjs Bcex © = 1,2, 3, 4.

IIpumep 2. Haiitu sanbosbinee n HauMeHbIIIee 3HAYCHUA KBAAPATUIHON (DOPMBI

n n
Fa) =YY" ajja;,
i=1 j=1
e a;j = aj;, wa Maoxkecte X = {z | S 22 =1}.

Peuienue. Tak kak MHOXKecTBO X OI'DAHUYEHO U 3aMKHYTO, TO CYIIECTBOBAHUE B HEM TOYEK,
e MYHKIUS TPUHUMAET HAWOOJIBINEe W HAWMEHBIee 3HAYEHWS, BLITEKAET M3 TeopeMbl Beii-
epmrpacca. O4UeBUIHO, 9YTO panr MaTpuubl (211,2%2,...,2T,) paBeH HYIIO TOJIBKO B Touke (),
KOTOpas He TpuUHAIeKUT MHO2KecTBY X . Paccmorpum dyukiuio Jlarpamxa

Flz,y) = f(z)+y(1 =) af).
=1

YpasHenust (7) UMeOT BHI

> aijjz —yzi =0 (i =1,n). (9)
j=1

13 xypca anrebpbl U3BECTHO, YTO CUCTEMA W3 N JIMHEHAHBIX YPABHEHUN C 7 HEU3BECTHBIMU C
HYyJIeBOH IIPaBoOil 4acThlO UMeeT HEeHyJeBOe pellleHre TOIJia U TOJIbKO TOrJa, KOIja OIIpe1eIuTes b
CHCTEMBI paBEH HYJIO, T. €. B HAIlleM CJIyYae UMeeM

ail —y a12 A1n
a ag — a
21 22 — Y 2n —0. (1())
anl an2 oo Qpp — Y

Ecnun y — xopennb ypasrenus (10) (1. e. coberBennoe unciao marpuiisl A), To cymecrByer u
nenynesoe x € X, ynosnersopstomiee cucreme (9). Ho onpenenenune srux 3uauennit i HAC UH-
Tepeca He MPEeJICTaB/IAeT, TaK KaK HaM HaJI0 HAlTH TOJIBKO HanOOIbIlee U HauMeHbIlee 3HaYeHUsT
neJsieBoit PyHKIMK.

YMHOXKWUB - ypasHenue cucrembl (9) HA T; W CJIOKWB BCE yPABHEHWs!, MOJTYYUM PABEHCTBO

=1

4T0, B cuyy ycaosust © € X, npusogut K pasenctBy f(z) = y. Takum 06pasom, nCKOMbIE Haw-
Gosbiiee u HauMenblee 3Hadenus dbyuknuu f(r) Ha MHOXKeCTBe X COBHAMAIOT ¢ HAUGOBITAM
1 HaUMEHbBIIIUM U3 CO6CTB€HHLIX quceJr MaTPUIbL A
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Ipumep 3. Iycrs Tpéxocustit smmunconsy i/af + x5/a5 +x5/a5 = 1, tne a1 > ag > az > 0,
mepecedéH MI0CKOCThio b1y + boxa + bzxs = 0 (rme Bee b; # 0), TPOXOsIIeli Yepes3 ero meHTp.
Tpebyercst OIpeseMTh TOTYOCH TOJTYYAIOIIErOCH B CEYEHUN 3/LTUTICA.

Pemenue. JTa 3a1aua SKBHBATCHTHA HAXOKISHIIO sKeTpemyMa dbyakmm f(z) = z3 + x5 +
73 ma muowectee X = {x | #3/a? + 23/a3 + 23 /a3 = 1 u byxy + bowo + byxs = 0}

MeTos MCKIIO9eHN HE3ABUCHMBIX IIEPEMEHHBLIX IPUBOJUT K CJOXKHBIM BBIKJIAIKAM, HO3TO-
My JIydille TPUMEHUTH MeTon Muoxwuteseir Jlarparxka. Cradana ybeauMcs, 9TO BBITOJIHIETCS
ycaoBue Ha panr marpuiiel (4). deiictBurensho, ecin

2 2 2
Rang( 2x11)1/a1 2:13(2)2/(12 2332?{@3 ) _ 1,

TO T; = ca?bi nas 1= 1,2,3 m mekoroporo ¢ € F1. Ho Torma
x% ZE% 1’% 2;2 2 2;2 2 2;2 2
— +—5 + —5 = c"bjay + c"bya; + c“b3a3 = c(biw1 + bawa + bzw3) = 0,
arp ay das
T. e. ¢ ¢ X. Oynkuma Jlarpanka nmeer Buj

2 2 2
x x x
F(z,y) = 23 + 23 +$§ +yl(a% + ;g + a% — 1) + yo(brz1 + baxa + baxs).
1 2 3

[IpupaBHsieM HyII0 €€ TPOU3BOJIHLIE TIO T:

1T | y2b; .
T + a2Z+ 2120(1:1,2,3). (11)
(2
VMHOXWB 3TH ypaBHEHUS HA T; U CIOXKUB (c Y4E€TOM orpaHquHHﬁ), OJIYIHM, UTO Y1 = —f (:L‘)

Véeaumcst, ato (1+y;/a?) # 0 as seex 4. Jeficrsuresbo, eci, nanpumep, (1+y;/a?) = 0,
10 y2 = 0 u, crepoparensro, xa(l + y1/a3) = 0 w x3(1 + y1/a3) = 0. Us ycaosus byzy +
baxzo 4 bsxs = 0 ciegyer, uTo 10 KpaifHeil Mepe OJHO U3 YUCes X2, X3 He paBHo Hy/a0. Ho Torma
(1+wy1/a3) =0 wm (1+yi/a3) = 0, 9T0 TPOTHBOPEUNT YCIOBUIO a1 > Az > ag.
Takum obpaszom, w3 coorrorrenuii (11) BoITekaer, ITo
yabiay

pi= -2 i1 93).
a2ty " )

Orcroma cieayer, 910

3

3
Z bix; = —yo Z
=1

i=1

2 2
b;a;

AR}
2(a? +y1)

[MockobKy y2 # 0 (Tak Kak He BCe X; PABHBI HYJIO), MOJIYIaeM, 9TO

3 Vel
~ q? 4y
=1 !
Orcroma ¢ y4éToM paHee JTOKA3aHHOTO paBeHCTBA f(T) = —Yi HEMOCPEICTBEHHO ONPEETSIIOTCS
UHTEPECYIOMue HAC 3HAMECHH EeJIeBOi (pyHKIN.
Ipumep 4. Haiitn paccrostame Mexay mapabosoii y = 22 u mpsmoit £ — y — 2 = 0.
Peuienue. Ilpexne Becero chopMmynupyeM onTUMU3ANMOHHY0 3amady. OBo3HAIUM TPOU3-
BOJILHYIO TOYKY, MPUHAIEXKAIYI0 napabose, gepe3 (x1,y1), a mpamoit — uepes (x2,y2). Torga
HallTa 33/1a4a CBOIUTCA K MEUHIME3anun Gyarnmn f(z1,y1, Te,y2) = (21 — 22)% + (y1 — y2)? npn
yenoBusx ¥ — o7 = 0 u 19 — Yo — 2 = 0. Marpuna (4) umeer Buj
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—2%1 1 0 0
0 o1 —-1)°
¥ €€ paHr, OYeBMIHO, paBeH AByM. Brmmmem dynkmmo Jlarpamka F(z,y, 2) = (v1 — x2)? +
(y1 — y2)% + 21(y1 — 23) + 22(w2 — y2 — 2). OTcrofa MOTy9aeM cHCTeMY

Fglcl = 2(1’1 - .TQ) - 23}12’1 = 0,
Fa/cz = —2(ZE1 — 1132) + 290 =0,
F, =2(y1 —y2) +21 =0,

F, ==2(y1 —y2) — 22 =0.

(12)

C/I0KUB TIOWIEHHO MEPBOE PABEHCTBO CO BTOPBIM, 8 TPEThE ¢ YETBEPTHIM, MOJYIUM YCIOBUSA
29 = 2x121 U 21 = 29. Ecomm 21 = 29 = 0, 10 u3 cucremsr (12) caemyer, 910 y1 = Y2 U &1 =
To, T. e. mpsMas u mapabosa mepecekarorca. OAHAKO B HAIEM CIydae 3TO HE TaK, MOCKOIBKY
cucreMa ypaBHeHuil y = 2, x —y — 2 = 0 mecoBMecTHa. 3Hauut, 21 # 0, u 1 = 1/2. Torua

y1 = 1/4. Cnoxus B cucreme (12) BTOpOe M UeTBEPTOE YPABHEHUS U TI0JCTABUB HAilJI€HHBIE
3HAYEHUs] ePEMEHHBIX, OJIYIUM COOTHOLIeHHEe To + Yo = o1 + y1 = 3/4. Tak kaxk zo = ya + 2,
npuxo UM K Touke r2 = 11/8, yo = —5/8. Takum 06pa3om, paccTosiHne MEXKY JAHHBIMY IPAMOM

u mapa6osoit ects +/f(1/2,1/4,11/8,—5/8) = 7\/2/8.
IIpumep 5. Haiitn HanMenbiee suavuenne yurnuu f(x) = x1 Ipu OrpaHuYeHIN xi’—x% =0.
Pemienne. Tax kak x1 = (22)%/3 > 0, 1o ontumansioe pemrenne 3amaan ecrs ¥ = (0,0).
Ecm seectn dynkrmio Jlarpamka F(z,y) = o1 +y(23 —r3) 1 3aTeM pemmaTsh cHCTeMy ypaBHEeHHT

F, =1+3yaz} =0,
F;Q = —2yl’2 = 0, (13)
Fy = 73— 22 =0,

TO HETPYAHO yOeanuThCs, YTO OHA HECOBMECTHA. IIpuumHoil TOr0 mpoTWBOpPEYNs TBJIAETCA TO,
w0 panr MaTpuipl (372, —2x9) pasen 0 B Touke z* = (0, 0). Cnenoparensno, metos Jlarpan:Ka
B TO4YKE (0, O) HCIIPUMEHUM, TaK KaK H€ BBIIIOJIHEHbI yCJIOBUA TCOPEMBI O HCABHBIX (byHKU;I/IﬂX

3amaun
1. PemmThk 3a/1a9m yCJIOBHON OMTHMU3AITHH:
1) f(z) = z12923 — extry,
X={z|23+23+23=1, 21 + 22+ 23 =0}
2) f(z) = 2122703 — extry,
X = {x ’ T1+ To+ 23 =09, T1x2 + Tox3 + T1x3 = 8};
3) f(z) = z12323 — extry,
X:{:U]x1+2x2+3x3:a, x1 >0, $2>0$3>0} (CL>0);
4) f(x) =x1 + x2 + x3 — extry,
X={z|22+23=1, 21+ 22— 23 =0};
5) f(z) = x9 — extrx,
X ={z | 23+ 23 — 3v120 = 0};

6) f(z)=z1+ 22+ x% + 2(z1x9 + T123 + T223) — extry,

X={z|2?+23+x3=1}.
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2. Ha chepe 22 + y? + 22 = 1 nmaiitu TOYKY, CyMMa, KBaPATOB PACCTOSHUN OT KOTOPOit 10 [V
JTAHHBIX TOUEK (T;, Yi, 2)", i =1, N 6112 66 MEHIMATHHA.

3. JlaHHOE TIOJIOKUTETBHOE TYUCI0 ¢ PA3JIOKUTH HA N TMOJOKUTETBHBIX COMHOXKUTEJIEH Tax,
4T0OBI CyMMa uxX 0OpaTHBIX BeMYuH Oblia ObI HAUMEHBITIEH.

4. Hatitn HanbosbIliee M HAMMEHBIIIEE 3HAYEHUS KaXKI0M MePEMEHHOM, JJIsT KOTOPBIX BBIIOJI-
nserca pasencrio (22 +y? + 22)%2 = a®(z? + y? — 22) (a > 0).

5. Haittm kpaTtuaiiiiiee paccTogHIe OT TOUKA (.’Eg, Y0, zo)T 10 IJIOCKOCTH a1X1 + a2 + azxrs +
ag = 0.

2.4. 3ama4u C OrpaHNYEeHUAMU—HEPABEHCTBAMHA

B sroMm paszene paccMarpusaercs 3agada f(r) — extryex, 06JaCTh JOMYCTUMBIX 3HAYEHNU
koTopoit onpeensiercst kak X = {x € E,, | p;(z) <0 (j =1,m)}.

IIycers dynknun @j(x) (j = 1,m) onpesesensl, HEIPEPLIBHBI 1 IMEIOT HENIPEPHIBHBIE TIPOM3-
Boguble B E,, a dynknua f(z) onpegenena, HENPEPLIBHA U MMEET HENPEPBIBHBIE MTPOU3BOIHbIE
Ha X. Ecim muO)kecTBO X OrpaHmveHo (3aMKHYTOCTH CJIEAyeT W3 HENPEPBIBHOCTH byHKITHI
©;), To mo Teopeme Beiiepmrpacca B MuOxkecrBe X CYIIECTBYIOT TOYKH, B KOTODBIX Ie/eBast
dbyukung f(x) mocTuraer CBoMX HAMMEHBIIErO W HaMOO/bIIero 3uadennii. Ecim mckomas Touka
SIBJISIETCsl BHYTPEHHEH TOUKOM MHOX)ecTBa X, TO B Hell (PyHKIMsI UMEET JIOKAJbHBIH MAKCHUMYM
MW MUHUMYM, TaK 9TO WHTEPECYIONAas HAC TOYKA COAEPIKUTCA CPEIH TOJAO3PUTENTHHBIX TOYEK,
B KOTODBIX MPOM3BOIHAS paBHA Hyst0. OJIHAKO CBOEro HambOJbINEro (HAMMEHBIEro) 3HAYCHUST
dbyukuma f(x) moxker mocTurarh n Ha rpanune MHOXKecTBa X . [ToaToMy, m1st TOro 9T06RI HAlTH
HanGoJIbIlee U HauMeHblee 3Hadenus dpyuknun f(z) na MaoKectBe X, HY?KHO HAUTH BCE TOI0-
3pUTe/IbHBIE BHYTPEHHNE TOYKW, BHIUHUCIUTH 3HAYEHUS 11eeBOH (DYHKIMN B HUX U CPABHUTH CO
3HaueHUusIMU (DYHKIUY B [I0JIO3PUTEBHBIX I'PAHUYHBIX TOYKAX MHOXKeCTBa X . 3aMeTUM, 4TO IPH
TTOMCKE TOCJIETHUX TTPUXOINTCHA PACCMATPUBATL AHAJOTHIHYIO 3amady. Boobiie roBops, HEoOX0-
aumo pemmrs OO + CH + ...+ Crr,rllm(mm) 3a/1a4 ¢ OrPAHUYEHUSIMU—DABEHCTBAMU (MCIIO/Nb3YST
MeTOJ UCKJIIOYeHUsl TIePeMEeHHbIX Wiu MeToj MHoxKuTesei Jlarpamxka). Kaxgas u3 Hux umeer
Bu f(z) — extrzex, tme X5 = {z | ¢j(z) = 0 (j € I)} m1sa HEKOTOPOrO MOJMHOMKECTBA
ungekcos I C {1,2,...,m}. Tlpu I = () umeem 3amaqy GesycaosHON onTuMmusarmu. JIas mowmc-
Ka BCEX TOJ03PUTE]BHBIX TOUYEK HYXKHO mepebparh Bce MoaMHOXKecTBa | MOIHOCTH HE Hojiee n.
Haunbosbinee n HanMeHbiliee w3 3HAUEHUN (DYHKIMH B HANJEHHBIX TOYKAX U OYIYT MCKOMBIME
HanGOJILININM ¥ HAUMEHBIINM 3HaveHusMu dbyukiun f(z).

K coxamennio, 9ncmo paccMaTpUBAEMBIX TTOA331a9 MOXKET OKa3aThCA OUYeHb GosbimmM. [1o-
TOMY ITOT METOJ, TPYJHO TPUMEHSTH B 3aJiadax OOJBINON pa3zMepHOCTH 1 ¢ GOIBIITUM UUCTIOM
orpanmuennii m. OaHAKO 715 387029 HEOOTBITION PA3MEPHOCTH TAKON TIOIXO0/T TPUMEHSITE TIeTeCO-
00pa3zHo, MOCKOJIBKY HE CYIIECTBYET JAPYToro 3(pdeKTUBHOTO METO0/1a HAXO0XKIEeHNT HAMMEHBITHX
7 HANOOTBINNX 3HAYCHUI TEJIeBOH (DYHKITMHE B 33/1a7€ MaTEMATHIECCKOTO MPOrPAMMUPOBAHNSI.

Ecmm obaacts X me orpanmdeHa, TO 00g3aTebHO HAJA0 PACCMATPHUBATL IIOBEIEHNE MEIeBOT
QYHKINN TPU yIaJeHUN TOUYEK MHOXKECTBA B OECKOHETHOCTH. DT 3a/1a49a B OOIEM CIydIae TOXKe
CTOXKHASA, HO WHOT/A €€ ymaéred permuTh. [pw 9ToM ecu ymaércst 0OHAPYKUTH TaAKYI0 KPUBYIO
x; = ;i(t) (i =1,n), aro z(t) € X npu Beex t > 0 u f(x(t)) — +oo npu t — +00, TO NeaeBasd
PYyHKIMSA HEOTpAHWIeHA CBEPXY WIN CHUZY.

IMpumep 1. Haitti manbobimee 1 HamMenbIee sHadennd byakmmn f(z) = 23 — x122 + 23
na muoxkectse X = {x | |z1| + |z2| < 1}

Peuienue. B nannom npumepe maokecTBo X orpanudeno. BayTpu muoxkecTa X 1pou3Bo/i-
nete fl (z) = 2z1 -z u fl,(x) = —x1+2x9 obpamaoTcsa B Hy/1b ToabKO B Touxe (0,0) . Tpanuma
MHOXKeCcTBa X ONpeJie/isieTcsd YeThIPbMs OrpaHUYeHnsiMU—paBeHcTBamMu: 1+ 22 = 1, —x1+ 22 =
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1, 1 —x9 = 1um — 21 — 29 = 1. Tak xak dysxmua f(xr) uérHas, TO JOCTATOIHO PACCMOT-
peTh TOJIBKO TIepBBIe IBa M3 HuX. [IpIMeHnM MeTon MCKTIOYeHns MepeMenHbX. Broas mpamoit
71 + 13 = 1 umeem dynkuuio oanoro nepementoro f(r1) = f(r1,1 — x1) = 322 — 371 + 1,
MTPON3BOAHASA KOTOPOTt f’(xl) = 6x1 — 3 obpamaerca B Hysb npu 1 = 1/2. Torpa xo = 1/2, u mbr
oy Touky (1/2,1/2)7. Auanormano, f(z1,1+ x1) = 22 + x1 + 1, u, TIpupaBHAB HYJTIO 8
IpOM3BOAHYI0, TosyanM Touky (—1/2,1/2)T. U3 wérnocrn dynxmun f(z) creayer, 910 TOUKKH
(—1/2,-1/2)" u (1/2,—1/2)" Tak:Ke gBIAIOTCA OTO3PUTEIBHBIMI.

Touxkamu MepeceveHnss BCEX Tap MPSAMBIX, OTPEJETAIONINX MHOXKECTBO X, OUEBHIHO, OYIyT
touxn (0,1)7, (0,—1)T, (1,0)T u (=1,0)". Bee oun mpurareskar X.

Beruncsinm 3uadenus nesesoii byHkImn B HaiienHbix Toukax. Mveem f(0,0) =0, f(1/2,1/2)
F-1/2,-1/2) = 14, f(~1/2,1/2) = [(1/2,—1/2) = 3/4, [(1,0) = f(~1,0) = (0,1) =
f(0,—1) = 1. Takum o6pazom, HauMenbiee 3aaueHne GpyHkust [ JOCTHraeT B HaYa e KOOP/U-
HaT, a HanboJiblllee — B BepIINHAX MHO2KeCTBa X .

IIpumep 2. Haiitu nanbosnbinee n naumenbniee suadenus Gyuknun f(z) = xlxg + x%xg -
322 — 322 na muokectBe X = {z | —x1 —22+1 <0, 21 + 29 — 16 < 0},

Peurtenne. B nannom npumMepe MHOKECTBO X HEOTPAHUIEHO (MOYKHO 3AITMCATH OTPAHUIEHST
zagaun B Buze 1 < z1 429 < 16 u ybenurhea, aro X npencrasisger coboil mMoa0Cy, 3aKII0IEHHY IO
MEZKJTY JIBYMsI TIPSIMBIMH ).

Cuagana paccMoTpum 3amady 6esycioBroil ontumusanun (ynkuuu f(z). Vmeem cucremy
ypaBHEHUI

{ %1 :1:34—23:113—61'1:0, (14)
Jz, = 2w122 + 27 — 622 = 0.

Bbrarst 0100 paBencTBO U3 Apyroro, nogaydnm, 9o (re —x1)(x1 +x2+6) = 0, T. e. b0 11 =
Zo, ub0 x1 + 9 = —6. [locKOIBKY TOUKH, VAOBJIETBOPAIOIINE BTOPOMY PABEHCTBY, MHOYKECTBY
X He mpumHAIE)KAT, TO T1 = T9 U u3 cucrembl (14) cremyer, 9To 3:1:% — 621 = 0. Honygaem Touku
1 =29 =0 u 21 = To = 2, U3 KOTOPBIX TOJBKO BTOPAas SIBJIAETCS JOMYCTUMOIA.

Wccnenyem noeenenmne ¢pyuxruu ua rpanure obmactu X. Oyukima Jlarpamxka nMeer Bu
F(z,y) = f(z) + y(x1 + x2 — t), tne t = 1 wian ¢t = 16. [lonygaem cucremy ypaBHeHuit

F| =3+ 2x109 — 621 +y =0,
F,, =2x119 + 22 — 69 +y =0.

Pemas eé ananormuano cucreme (1), momyuaem, aro x1 = xy. Takum obpasom, mpu t = 1 n
t = 16 umeem coorBercrBenno Touku (1/2,1/2) u (8,8).

TTockombky mpambie 1 + 3 = 1 mw 21 + T3 = 16 He mepecekaroTCss, MHOXKECTBO X He
umeer Bepriud. [logcrasids HaiijgeHnble 3HaYeHus B eJaeByio GyHkiuo, moayaum f(2,2) =
=8, f(1/2,1/2) = =5/4, f(8,8) = 640.

Tak Kax MHOKeCTBO X HEOrpAHWYeHO, HaJI0 UCCIeq0BaTh nosenenne dyukuun f(z) aa 6ec-
KOHEUHOCTH. PaccMoTpum cemeiicTBO psaMbix 1 = ¢, o = s—t, tmet € By n 1 < s < 16. dAcwo,
YTO ITO CeMEHCTBO IPAMBIX HOKphIBaeT Beé MuozKecTBo X . Torma f(t,s —t) = —(s+6)t? + (s +
6s)t — 3s2. TMockonbky —(s+6) < 0 npu 1 < s < 16, 10 f(t,5 —t) — —o0 npu t — 0o. Takum
obpasoMm, TiefeBas (pyHKINST HEOTPAHNUIEHA, CHI3Y HA MHOYKeCTBEe X, a 66 MaKCHMYM JIOCTUTAETCS
B Touke (8,8).

IIpumep 3. Haiitn nanbosbiee n naumenblnee 3nadenns pyHxmun f(r) = £1T2x3 Ha MHO-
xecrse X = {z € B3 | x1 + x2 + 23 < 6, 179 + xox3 + 2123 < 8}.

Perrtenue. Ita QyHKIUS UMeeT MHOTO JIOKAJBHBIX 3KCTPEMYMOB, KOTOPBIE MOYKHO HAWTH
MOCae JOJTHX W YTOMUTETHHBIX BBIUUCIEHHH € TOMOIIBI0 Meroma Jlarpamxka. OgHako, ecan
3aMeTUTh, YTO MHOXKeCTBO X HEOTPAHWUEHO, W Cpa3y MPOAHATM3UPOBATH MOBEJEHUE IEIeBO
dyHKImMN Ha OECKOHEIHOCTH, MOYKHO CYIIIECTBEHHO COKPATHTL CBOIO paboTy.
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Pacemorpum touku Buga z1(t) = 1, za(t) = 1, z3(t) = —t. Torma orpannvenus 3ama4u
npumyT Bug —t < 4 mw —t < 7/2. CinemoBarenbHo, masg axo60ro t > 0 3TH TOYKH ABISIOTCA

nonycrumbivu. [Ipu srom f(1,1,—t) = —t — —oo npu t — +00. 3naunt, nenesas GHyHKIUSA
HeOTpaHudeHa CHU3y Ha X.
ITycrs Teneps z1(t) = 1, x2(t) = —1, 23(t) = —t. Orpanudenus npuanmator sug —t < 6 u

—1 <8, 1. e. Toukn monycrumsl mpu ¢t > 0. Ho f(1,—1,—t) =t — +o00 npu t — +o0.
Takum obpazom, 1eseBas QYHKIMA HEOTPAHUIEHA HA CHU3Y, HU CBEPXY HA PACCMATPUBAEMOM
MHOYKECTBE, U HeOOXOUMOCTH B MOUCKE JOKAJBHBIX 9KCTPEMYMOB (MOIT03PUTETHHBIX TOYEK ) HET.

3agaun
Haiitu nHanbosibiiee n Hanvenbiee 3Havenns dbyukuun f(z) Ha MHOX)ecTBe X :
1) f(x) =222 — 2] — 225 + 21,
X ={x|x1 €[0,1], 22 € [0,1]};
2) f(z) =23 — 422 + 22129 — 22,
X =A{a||e] <5, |wo| < 1};
3) f(z) =23 + 23 — 3z179,
X ={z]z1€][0,2], xz2 € [-1,2]};
4) f(z) = (21 = 5)* + (22 = 7)%,
X={x|x14+222 <12, 1 +22 <9, 21 >0, 22 > 0};
5) f(z) = (x1—3)* + (22 - 5)%,
X ={x | 22+ 23 <10, 221 + 225 = 5};

6) f(z) =x1(m — 1) sinxy + xo cos zy,

X ={x |z €[0,7], z2 > 0};

7) f(x) =21 + 22 + 23,
X ={z|a?+af <ws, w3 < 1}

8) f(x) =2x122 + w3,
X={z|22+23=1, 0< 23 <221 +1};
9) f(x) =af - a3,
X ={z |27+ 23 <16};
10) f(z) = 2% + 2% — 1231 + 1624,
X ={z| 23+ 23 <25}
11) f(x) = arctgz; — Inxo,

X={z|ai+23<4 21>0, zg>1};

12) f(x) =21 + T2 — T3,
X ={x | zmixows <1, —x1 + 292 — 23 < 0};

13) f(z) = 22 + z120 + 23 + 3|21 + 72 + 2|,
X = By,
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14) f(z) = 22 + 23 + 2alz1 + 22 — 1|, a >0,
X = Ey;

15) f(z) = 22 + 23 + 2max{z1, 22},
X = Fs.

3. BrinmykJioe mporpaMMupoBaHUe
3.1. BeinykJjibie MHOXKeCcTBa U (PYHKIIMN; KBA3UBBIILyKJible (PYyHKINNA

TTonck HambGOJBIMUX M HAMMEHBINTMX 3HAYEHWH (PYyHKIMA Ha, JOTYCTUMOM MHOYKECTBE YTIPO-
IMAETCST, €CIU OTPAHTIATHCS 3aa9ell MUTHUMU3AINN BRIMYKIBIX (DYHKIAH Ha BHIMTYKIBIX MHOMKE-
CTBaXx.

Muoxecteo X C E, naspiBaercst sunykavim ecian s mobeix x,y € X u a € [0, 1] umeem,
uro 2 = ax + (1 — @)y € X, T. e. BBIIYK/IOe MHOXKECTBO BMECTE C JIOOBIMU JABYMS CBOUMHU
TOYKAMHE JIOJIPKHO COEPKATD U OTPE30K, COSTUHSIONAN 3TH TBE TOUKU. Bunyraot xombunayuet
TOYEK X1,T2,. .., Ty HA3BIBAETCI TOYKA 2 = 11 + aaX2 + ... + T, TAe Bce a; > 0 nm
ol t+ag+ ...+ =1

Teopema 1. Bunyraoe mnoocecmso X codepoicum unykabie KOMOUHGUUY BCEX CEOUT MO-
wex.

®yukuus f(z), onpenesénnaga Ha BLITYKIOM MHOKECTBE X , HA3BIBAETCSA 6binyYKAOL, €CJIU [Tk
mobbix z,y € X u v € (0, 1) Bemosasiercs vepaperctso f(ar+ (1—a)y) < af(z)+(1—a)f(y).
Ecnu pist ioOBIX pasAudHbIX & W Y YKa3aHHOE HEPABEHCTBO SIBJISIETCS CTPOTHM, TO (DYHKITHS
HA3BIBAETCA CNPo2o euinykrot. Oyuaknuga f(x) HasbBaerca (CTporo) eoenymot, ecan dyHKIHSA
—f(x) (cTporo) BeIIyKIA.

Brimykiisie pyHaKIIN 0013020T CASAYIONNMEA CBOMCTBAMU.

Teopema 2. Bunykaaa pynxyus f(x), onpedeaérnasn na svnyriom muosxcecmee X , nenpe-
PHIBHG 8 KaIICOOT, 6HYyMPenHeti MouKe Moo MHONCECNBA.

Teopema 3. Qynruyua f(x), Jupdepenyupyeman na swvinyrxiom mmnoocecmee X, 6binykaa
mozda u moavko mozda, xo02da das mobwix T,y € X 6ydem (f'(x),y —x) < f(y) — f(z).

Teopema 4. Oynxuyua f(x), onpedesérnan u dascov, Henpepueno Juddeperyupyeman Ha
sunyraom mHoocecmee X, (cmpozo) ewnyraa mozda u moavko moezda, xozda mampuua B(x) =

(82f(fv))
8$¢ax]' i,j=1,n

Teopema 5. Jlas 410600 eunyriot dynrwuyuu f(x), onpedeaénnoli na 6binyKAOM MHONHCECTNEE
X, u arwbozo wucaa A muoocecmeo {x € X | f(x) < A} swnyxao.
Teopema 6 (mepaBencrBo Uencena). Fcau gynrkyus f(z) swnykia ma unykiom mmo-

otcecmee X, mo
m m
FO - oim) <o (wi),
i=1 i=1

edex; € X, ;2 00daai=1lmual+...+qa,=1.
DKCTpeMasibHBIE CBOWCTBA 3aJa9M MUHUMU3AIUK BBITYK/I0H (hyHKmuu () HA BBITYKIOM

(cmpoeo) nososrcumennro onpedesena das awbozo x € X.

MHOXKecTBe X COJEP:KATCS B CASAYIONNAX YTBEPIKICHUSX.

Teopema 7. Ecau evnykav, pynruyua f(x) u mnoocecmeo X, mo abas mouka A0Kkanb-
Ho20 munumyma ¥ € X 6ydem onmumanvroti oaa 3adavu munumusavyuy Gynryuy f(x) na
muooicecmee X .

Teopema 8. Ecau ewnyrav, ¢ynxyus f(x) u mnoncecmeo X, mo mmuoocecrneo X* onmu-
MAALHOLT TNONER 3a0a4u Munumuzayuy Gyrkuuu f(x) na mruoocecmee X evnyrao.

Teopema 9. Ecau dynxuyua f(x) cmpozo svinykia na ewnyriom muodtcecmee X u mouka
x* € X onmumansvha, mo oua eduncmeenna, m. e. das ecex r € X, x # ¥ cnpasediuso
nepasencmso f(x) > f(x*).
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banzkue sxcTpeMaabHbie CBONCTBA MMEeT 3aa4a MUHUMUBAINN KBA3UBLIMYKIOH (DyHKIMH
Ha BBIIYKJIOM MHO:KecTBe. Dyukuus f(z), onpenenéunas Ha BBITYKJIOM MHOXKeCTBe X, Ha3bl-
BAETCSL K6a3usunykA0t, ecmu amast moobix x,y € X u a € (0,1) BbIMOSHSETCS HEPABEHCTBO
flax + (1 — a)y) < max(f(z), f(y)). Ecin npn J106bx T # y yKa3aHHOE HEPABEHCTBO SIBJISIETCSI
crporum, 10 dyakmus f () HAZBIBAETCH CMPO20 KEA3USHINYKAOU.

ITpumep. Ilokasars, aro muoxkecrso X = {zx € E,, | Az > a, Bx = b} Bomykio. 3aecs A
u B — 370 BelleCTBEHHBIE MATPUIILI pasMepa m X n u | X n cOOTBeTCTBeHHO, a € E,,, b € Fj.

Pemenune. BosbMméM 1Be npou3BobHBIE TOUKE T,y € X u mosoxuMm z = ax + (1 — a)y, rue
a € [0,1]. Torna Az = aAz + (1 —a)Ay > aa+ (1 —a)a = aun Bz = aBx + (1 —a)By =
ab+ (1 — a)b =b. Bnaunt Touka z jgeKuT B X, T. €. MHOXKECTBO X BBIMYKJIO.

3agaun

1. TTokazaTnb, ¥TO MEepecedenue JIFOOOTO UNUC/Ia BBIMYKJIBIX MHOXKECTB BBITYKJIO.

2. Ilycrs dyskmum f(z) (j = 1,m) semykasr wa E,. Ilokasats, aT0 MHOKECTBO X =
{z |fj(x) <0 (i =1,m)} BoinykiIo.

3. lokazarb, 9o jobas BblyK/aasg MYHKIUS sIBIsIeTCs KBa3uBbILyKJoit. IIpusectu mipumep,
MMOKAa3bIBAOIINI, 9T0 00paTHOE, BOOOIIE TOBOPSI, HE BEPHO.

4. Tycrs Gyrkumn fj(x) (j = 1,m) Bemykss! Ha BBITyKIOM MHOXKeCTBe X . [ToKasars, aT0
bynkmusa f(x) = a1 fi(x) + ... + apfrm(x) Bomykaa ma X ecmm a; > 0 (j = 1,m).

5. Mycre dyukumn fi(x) (i € I) Bbimmykasl Ha BeiMykaoM mHOXKectBe X. [Tokazars, 9To
dbyukuus f(x) = sup;er fi(x) Takxke BbITyKIa Ha X.

6. Ilycts B — cummerpudeckast MaTpuria pa3mepa n X n, a p € E,. [lokazars, ato dyukimsa
f(z) = (Bz,z) + (p,z) (crporo) BBIIyK/Ia TOIJA U TOJBKO TOrAa, Korma B (crporo) mosmoxun-
TEJILHO OMPEETICHA.

7. [ycrs f(t) Boinykaas neyObiBaomast GyHknus Ha [a,b] (Bo3mMoxkuo, @ = —o0 u/um b =
+00). Iycrs g(x) BBIMyksIa Ha BhinyKJaoM MHOXKecTBe X C E,, npuuém g(x) € [a,b] npu Bcex
x € X. Hokaszarb, uro dyuknus h(zx) = f(g(z)) sbimykia na X.

8. Ilycrs f(x) BhImyK/IA M HEOTPUIATENBHA HA, HEKOTOPOM BbINyKJ0M MHOXKecTBe X . JloKa-
3arb, aro g(z) = (f(x))P Bbimyksa gy aoboro nesoro p > 1.

9. Ilycrs BRIMyKIas auddepennupyemast dbyurnus f(z) B HEKOTOPOi Touke 1 € E, ymo-
Brersopser coorromennto (f'(x1),z — x1) > 0 ana moboro x € E,. TokazaTh, 9T0 £ — TOYKA
riobanbaoro MunnMymMa dbyuknun f(x).

10. JTokazark, uro BRINYKAad byHKnug f(x), onpeaeséHHast Ha BBITYK/IOM 3aMKHYTOM MHO-
KecrBe X ¥ OTJMYHAS OT KOHCTAHTBI, JOCTUTAET CBOErO I00AJIBLHOrO MAaKCHMyMa Ha TDAHHUIle
MHOYXKeCTBa X .

11. Tlokazarh, 9T0 s J1060# KBAa3UBLINYKI0H dynkuuu f(x), onpepegéHuoil Ha BBITYKJIOM
muOKecTBe X, 1 J1I060ro uncaa A\, maoxecrso Z = {z € X | f(x) < A} Boinykso.

12. [Tokaszare, uro ecsm dyaknun f;(z) (j = 1, m) KBa3UBBILYKJIBI, TO MHOKECTBO Z = {Z €
X | fi(z) <0 (j =1,m)} Bblnykio.

13. JTokazare, uro dbyukius f(r) KBa3UBBIILyK/Ia HA BBIIYKJIOM MHOXKECTBE X TOIJIA U TOJIBKO
torma, Korga Muoxkectso Z(z) = {y € X | f(y) < f(z)} seinykmno mig xkaxmgoro z € X.

14. Tokazars, uto ecam f(x) CcTpOro KBa3WEBBIMYK/IAa HA BHIMTYyKA0M MHOKeCTBe X m ¥ € X
SIBJISIETCS TOUKOU €€ JIOKAJIHLHOTO MUHUMYMa, TO ¥ SIBJISIeTCsI €JIMHCTBEHHO TOYKOI r106aIbHOT0
vuanMyma dyrknnn f(z) va Maoxecrse X.

15. Ilycts f(z) u g(x) — BBINyKIas 1 BOrHyTas (DYHKIMHA COOTBETCTBEHHO, ONPEIETEHHbIE
HA BBIMYKJIOM MHOXKecTBe X, mpuuém s ob6oro x € X BeInoHsieTCs HepaseHcTBO f() >
g(x). Hokazarh, uto cymecrsyer junelinasa dyuaxus h(x), takas aro f(x) > h(x) > g(x) s
Kaxaoro x € X.

16. Ilpn Kaknx 3HAYEHUSX TTapaMeTpa ¢ MHOXKeCTBO X OyJIeT BBITYKJIbIM:
a) X:{((I?,y> EEQ | a(x_yZ) :07 T+Y= 1}7
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6) X ={(z,y) € By | a(x —y*) =0, 2 +y=a};

B) X = {(2,y) € Bz | a(x —y?) <0, 2 +y =a};

r) X = {(z,y) € B2 | 2%(a® + 3a+2) —y > 0};

1) X ={(z,y) € B2 | €*(a® — 5a + 6) — y(a® +2) < 0};
e) X ={(z,y) € B» | y=e", y <z}

x) X ={(z,y) € B2 | 2*/(a® + 1)+ (y+a)? <1, 2+ (y— 1)’ <a,}

3) X ={(z,y) € B2 |y < e, y <ax};

n) X ={(vy) € By |z+y=>1 y<ar®}

K) X ={(z,y) € B2 |y >Inx, y > ax, z>0}7

17. Uccnenosars yraknuio f(x) HA BBIMYKIOCTH WU BOTHYTOCTH B 00gacTu X :
a) f(x) =x129, X ={x |21 >0, 2o > 0};

6) f(x) =1/z1+1/a9, X ={z | 21 >0, 25 > 0};

B) f(x) =22 — |21 — 2|, X = Ey;

r) f(z) = 28 + 2% + 23 + 23 + 1021 + 52y — 334 — 20, X = Ey;

) f(z) = Bt X = By

e) f(x) = —a3+2%/2+Te1 —23+6, X ={z | 2, <0, i=1,2,3};

x) f(x) =322 + 23 + 2LE§ + 1129 + 31123 + Tox3 + 319 — 6, X = E3;

3) f(z) =23 + 223 + 1021 + 22 — 523 +6, X ={z | 2, <0, i =1,2,3};

u) f(z) =522 + 23/2 + 423 + 2179 + 27173 + 27073 + 23 + 1, X = Es.

18. Tlpu KaKkuUX 3HAYEHUSAX MAPaMerpoB a, b, ¢ dyukuus f(z) Gyaer BBIMYKIIOI:
a) f(x) = ax® + b + ¢;

6) f(x) = ax? + 2bx132 + ca3;

B) f(x) = ae*® + be® + ¢?

3.2. Kpurepwuii ontumanbsHocTr; TeopeMa Kyna—Takkepa

JaHHbBII pa3iest MOCBSAIIEH PACCMOTPEHUIO BOIPOca 00 ONTUMAIBLHOCTH HalIEHHOH TOYKYU B
OCHOBHOH 3a/1a4e BBIIIYKJIOI'O IPOrPAMMUPOBAHUL.
Paccmarpusaercst 3a1a49a

rae X = {z [ pj(x) <0 (j =1,m)}. (2)

Ecim dbynxmun f(z) n ¢j(x) (j = 1,m) eemykast, To 3amada (1)—(2) Haseisaerca ocroenol
sadavet] eunyka020 npozpammuposanua. 1lycrs 3agana HekoTopast touka x* € X. Orpanude-
Hie @;(x) < 0 Ha3BIBAETCS AKMUEHLLM B 9TOH TOUuKe, ecy ;j(2*) = 0. MHOXKeCTBO HHIEKCOB
AKTUBHBIX OTpaHuYeHnit 0003HAUNM depe3

I(z%) ={j e{l,...,m} | ¢;(z") = 0}.
Oyuknusg

F(z,y) = f(2)+ > y;0;(@),
j=1

ornpeeiéHHas st Bcex © € F,, y > 0, nazeiBaerca gynryuel Jaeparoca as 337290 BBITYK-
joro nporpaMmuposanus. [lapa (z*,y*), rue * € E,, y* > 0, nasoiBaercst cedaosoti moukot
dbyuxun F(z,y), ecnn F(z*,y) < F(z*,y*) < F(x,y*) nasa Bcex x € By, y > 0. B nanbheitniem
6ymem caurars, 9ro dyukiuu f(z) u ¢j(x) (j = 1,m) (u, caegosarensro, dyrkims Jlarpamka)
HENPePBIBHO AU DepeHnpyeMbl.




Teopema 10. /laa mozo wmobv. mouka x* € X 6vtaa moukot 2400040H020 MUHUMYMG OCHOG-
1ot 304U 6LINYKA020 Npoepammuposanus (1)—(2), docmamouno cywecmeosanus MaKuT wuces
y; >0 (j € I(x¥)), umo ewnoansemcsa pasencmeo

—f'@) = Yy

JEI(z*)

Hpyrmvu cnosamu, ecan (¥, y*) — cepyroBas Touka dbyaxium Jlarpanxka, 10 £* — 310 TOY-
Ka T06ATBHOTO MHUHAMYMA, I 33890 BBITYKJIOTO MPOrpaMMUPOBaHust. UTOOBI BBITOTHIIOCH
0obpaTHOE yTBEPKIeHUE, HEODXO MO HAJIOKUTH JOMOJHATENABHOE yCaoBre Ha MHOXKeCTBO X . Ec-
MU CymecTByeT Takasg Touka & € X, uro ¢;(z) < 0 mas Bcex j = 1,m, TO roBopar, 4To0 310
MHOYKECTBO YIOBIETBOPSIET Ycaosuro pezysaprocmu Caetimepa.

Teopema Kyna—Takkepa (auddepeniupyemstii ciy4ait). Ecau gynuxyuu f(z) u@;(x)
(4 = 1,m) swnyrav, a muoocecmso X = {x | pj(x) <0 (j =1,m)} ydosaemsopaem ycaosuam
pezyasprocmu Caetimepa, mo daa onmumasvrocmu mouku £* € X neobrodumo u docmamouro
cywecmeosarua maxuc wucea y; > 0 (j € I(z*)), wmo

—f@*) = ) yla). (3)

JEI(z*)

Kax mokassiBaeT caegyiomnas TeopeMa, eCIU BCe OTPAHUYEHUs JIMHEHHBI, TO YCJIOBUS Pery-
sgsipaoctu Cureiirepa B Teopeme Kyna—Takkepa He 00si3aTe/IbHBL.

Teopema 11. Jlaa mozo wmobvt mouxa x* € X 6viaa Mmoot 2400046H020 MUHUMYMG 6bl-
nyxaoti pynryuu f(x) na mnoocecmee X = {z | (aj,z) —b; <0 (j = 1,m)}, neobzodumo u

docmamouno cywecmeosarue makux wucea y; > 0 (7 =1,m), wmo

—f(z") = Z Yja;-

JEI(z*)

B [punioxkennn paccMaTpuBaeTcs METO T BO3MOXKHBIX HAITPABJIEHUN, B KOTOPOM UCITOTH3YETCA
CEeIYIOTIA

Teopema 12. Jlaa mozo umobvr mouka x* € X 6viaa moukoti 24006046H020 MUHUMYMG 30-
danu 6vnyka020 npozpammuposanua (1)-(2), docmamouno, wmobw, dia ecex 6exmopos s, yoo-
saemeopaouuz cucmenme (@i (x*),s) <0 (j € I(z")), svnoansaocy yeaosue (f'(z*),s) > 0.

Paccmorpuy mpuMeps! TpUMEHEHUs TPUBEIEHHBIX BhIlie TeopeM. OOIMas cxema MpOBepKH
ONTUMATBHOCTH TOUKM =™ st 3amaun (1)—(2) rakosa:

1. ¥Y6eaurhcest, uTo pertaemast 3a/a9a, 1efiCTBUTEIbHO STBJISETCA 3a/1a49eil BBITTYKJI0r0O Mporpam-
MUPOBaHUs (T. €., YTO BCe (DYHKIUU BBIMYKJIBI U 33/1a49a HA MUHUMYM ).

2. TIposepurs, uro X ynosnersopser ycaousm Crefitepa (Kpome ciaydast JIUHEHHBIX Orpa-
HUYEHUT).

3. Iposeputs, uro z* € X w HAWTH MHOKECTBO MHJEKCOB AKTUBHBIX Orpanwuennii [(z*).

4. Bamucats u pemmth cucremy (3). Touka z* Gyger onTuMaabHON B TOM W TOJBKO B TOM
ciyuae, ecau cucrema (3) mmeer pemenune y* > 0.

ITpumep 1. TIposeputs Ha ontuMmaabHOCTh Todkn ' = (0,2) u 2’ = (@, ‘5727\/5) B 3ajade
f(z) = 222 + 423 — 22129 — 4(V/5 — 2)z1 — 5(2 — V/5)22 — min npu orpannuenusx r: + r3 <
4, a:%—xggO, 1 +x9>1, 21 > 0.

Pemenne. Oynxkuusa f(x) BoImyKIa, TOCKOJBKY MATPHIA

ra=(4 3

23



CTPOTO TIOJIOKUTENBHO Onpesieena. Buimykaocts dynkimii o1(z) = 23 + 25 — 4, () = 22 —
x2, p3(x) = —x1 — 22+ 1 u @4(xr) = —21 TaKKe HETPYAHO NPOBEPUTD.

IMockonbky B Touke x = (0.5, 1) BomonsioTcs Hepasencrsa @;(x) < 0 gz Beex j = 1,2, 3,4,
to mHO)KecTBO X = {2 | ;(x) <0, j =1,2,3,4} yrosaersopsier yeaosuto Creifrepa.

IMoacrasnsas Toukn ' u " mociaenoBare bHO B KaxK0e U3 OrpaHudeHuii, yOexK1aeMcs, 4To
o6e 3TH TOYKM JiexkaT B X M HaXOJUM MHOXKECTBA MHICKCOB aKTHBHBLIX orpammuenwmit: [(z') =
(1,4}, I(z") = {2,3)}.

Cucrema (3) musa rouku x’ nmeer sug — f'(2') = y1o) (2') + yapy(2), T. e.

45 -4\ 0 | —1
Orcrona, y1 = (—5\/5 —6)/4, y4 = 4 —44/5. TIoCKOIBKY 9TO PEIIeHte SBISeTCs OTPHIATETbHBIM,

Touka x’' He onTUMAasbHA.
Cucrema (3) mas roukn x” mveer sun — f'(2") = yah (2”) + yseh(2”), T. e.

(7)o (0 )51

EmmncTBeHHBIM pelllenneM 3TOH CHCTeMBI gBjadeTcd Yo = 1, y3 = 2. IlocKOIBKY 9TO pernenmne
HEOTPHIATE/ILHO, TOUKa & ABISeTCH TOYKOH T100a bHoro MunuMyMa Gyakuun f(x) Ha MHOKE-
cTBe X.

IIpumep 2. lposeputs Touky = = (—1/2,1/4) na ontumaabHOCTD B 3a7aue f(z) = e*2 —
min nmpu orpanndennax ¢1(x) = (v1 +1)% — 20 <0, @o(z) = (11 — 1/2)% + (22 +3/4)2 -2 < 0.

Peutenue. Herpyano yGenuTses, 4To mgaHHas 3a7ada sBJISETCS 3aJadeil BBIIYKJIOTO TIPO-
rpammupoBanus. Ilockosbky ¢1(z) = @2(z) = 0, rouka x siBasiercs ponycrumoii u I (x) = {1, 2}.
Cucrema (3) mst aroii Toukn nmeer sug — f/(x) = y1¢) (z) + yah(x), T e. y1 — 2y2 =0, —y1 +
290 = —el/4, OdeBuHO, 4TO 3TA cucreMa HecopmecTHa. OIHAKO J1eJIaTh BBIBO, O HEOITUMAIBLHO-
CTH TOYKU T MBI HE MOYKEM, IIOCKOJILKY He GbLu 1ipoBepenbl yeaosust Ciefirepa. U neficTsuress-
HO, C IOMOIIBIO TEOMETPUYECKOr0 IOCTPOCHUST 00IACTH JIOIYCTUMBIX 3HAYEHUHA MOXKHO YO IUThCs,
9TO OHA COCTOWMT W3 enuHcTBeHHON Touku x. CrenoBarenso, yciaosue Creiitepa He BLINOJIHEHO,
a TOYKa T ABJIACTCA OIITHUMAJIbHBIM PEHICHUEM (KaK CAMHCTBECHHAA AOMYyCTUMAA TOqKa).

IIpumep 3. [Iposeputs Touku =’ = (—3,1,2) u 2" = (—5,3,1) Ha ONTHMATBHOCTD B 3a/a9€e
flx) = x%+2x%+30x1—16x3 — min mpu orpannydenuax 5xri+3xe—4xrs = —20, r1—6x9+3x3 <
0, T3 > 0.

Peurenue. llenesas dbynkius 3a1aun BLINYKIa, a orpanndenus auneitust. CrenoBareabHo,
“MeeM 3329y BBIMTYKJIOT0 TTPOrPAMMHUPOBAHNs, TPUYEM TTPOBEpKa yCaoBuil peryaaproctu Crieii-
Tepa He Tpebyercs (3aMeTHM, KCTaTH, 9TO BBUJY HAJUYHS OrPAHUYEHUs—DABEHCTBA YCJIOBHE
CrefiTepa 04e€BUIHO He BBIIIOJHAETCH).

[Ipex e Beero, 3anuiieM OrpaHuyenns 3a/1a491 B CTAHIaPTHON (hopMe, 3aMeHUB OrpaHYeHne—
paBeHCTBO Ha sBa HepaseHcTBa. VMmeem @1(x) = bxy + 3xg — 4w +20 < 0, ¢ = —p1(z) =
—bx1 — 3we +4xg — 20 <0, w3 =1 — 629 + 323 <0, pa(x) = —x3 < 0.

Jlerko nposeputh, uro I(x') = I(2?) = {1,2}. Buauur, cucrema (3) s obenx Touex umeer
sun —f'(x) = y10](2) + yaph(x) = (y1 — y2)¢} (z). Me1 ucions3osamm yenosue po(x) = —p1(x),
KOTOPOE BCETTIA BLIMOIHAETCS TIPU 3aMeHe OTPAHNYeHH—PABEHCTB Ha IBA HePABEHCTBA. [10CKO/Ib-
KY Pa3HOCTH JIBYX HEOTPHIATENLHBIX YNCEs MOYKET IPUHUMATH 3HAUEHNsT 0600 3HaKa, a Jioboe
IUCJIO MOYKHO TIPEJICTABUTE B BUJIE PA3HOCTH [BYX HEOTPUIATEIBHBIX YHUCE, TO, OCYIIECTBUB 33~
MEeHy Y = Y] — Y2, IPUXOAUM K BBIBOJY, UTO JJIs OMTUMAabHOCTH Touku z* € X B cayuae
JIMHEHHBIX OTPAHUYEHHUH HEOOXOMMMO M JOCTATOTHO CYLIECTBOBAHHSI TaKux ducer y; > 0, co-
OTBETCTBYIOIMUX OTPAHUYICHUAM—HEPABECHCTBAM, W IIPOU3BOJIbBHBIX YHCEJI y]? COOTBETCTBYIOIIINX
OrpaHUYeHUsIM—DPABEHCTBAM, 9TO
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@)= >y,
jel(z*)

BaMeTI/IM7 YTO OTPpaHUYCHUA—PABECHCTBaA BCErad ABJJAIOTCA aKTUBHBIMHA OT'DAHUYCHUAMUI.

B paccmarpupaeMoM IpuMmepe JJis TOYKU &' moayduM cucremy —24 = 5y, —4 = 3y, 16 =
—4y, KOTOpasi, 09€BUIHO, HECOBMECTHA. 3HAUUT, TOUKa I’ He ONTHMAJIbHA.

Hns roukn 2" cucrema npunnmaer sug —20 = 5y, —12 = 3y, 16 = —4y, pemennem KoTopoii
siByigercst y = —4. [TocKoMBKY MHOXKUTENB Y COOTBETCTBYET OTPDAHUIEHUIO—DABEHCTBY, JJIsT HETO
HET OTpaHUYEeHUdA IO 3HAKY. C.He,Z[OBaTe.HbHO, TOYKa ZE// OIITUMaJIbHA.

3agaun

HpOBepI/ITb YKa3aHHBIE TOYKU Ha ONITUMAJIBHOCTDH B 33/ia9aX BBITTYKJIOTO TIPOTPAMMUPOBAHNA!

1) f(x) = —22% — 323 + r1 — 6 — maxy,
X={x|a?4+21-3<0, 2x; +29—5<0, 22 >0},
al = (171)7 a? = (271)7 a? = (1/470)7 zt = <070)7

2) f(z) =22 + 3r; — miny,
X ={x |22+ 23211 +8r3+16 <0, x1 —x2 < 5},
ot = (1,-4), 22 = (0, -4), 23 = (2, —4);

3) f(x) = T2? + 223 — x129 + 11 — X9 — Miny,
X={z|z14+22<2, 21 —3w3 <4, —2x1 + 29 < -3},
ol =(5/2,-1/2), 2> = (1, 1), 2° = (2,0);
4) f(z) = 22/2+ 23 — 521 + 22 — miny,
X=A{x |z +x9—2x3 <3, 221 —x9 — 323 > —11, 1 >0, 29 >0, x3 > 0},
! =(1,0,2), 22 = (0,0,-1), 2% = (1,3,0), z* = (2,1,1), z° = (5,0,1);

5) f(z) =e1+*2 4 22 — 229 — miny,
X:{x|x2§1n$1, 1‘121, .1‘220},
ol = (2,In2), 2* = (¢,0), 2 = (1,0);

6) f(z)=e"1+%2 4+ 22 + 22y + 229 — miny,
X ={x |22+ 23 +2% <18, 221 + 22 — 73+ 3 < 0},
al = (_37370)7 a? = (1,-1,4), xd = (=3,-3,0), at = (07073)§

7) f(z) = —bz? — 623 — x% + 8r1x9 + £1 — maxy,

X ={x|2? -2y +23<5, v1 +513 <8, 21 >0, 23 >0},

' =(0,0,0), 22 = (1,0,4), 2® = (3/14,1/7,0), z* = (4,0, —11);
8) f(x) = —a% — 223 + 2129 — 26 — maxy,

X ={x |2} <25, 14212 —5<0, z2 >0},

' =(0,0), 22 = (—1,2), 23 = (0,-6), 2* = (3,0);
9) f(z) = 1022 + 522 — 21 + 279 — 10 — miny,

X ={x| 202 + 20 <4, 21 +22 <8, 71 >0},

zt = (0,0), 2% = (1,1), 23 = (0, —-1);
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10) f(x) = 42? + 323 + 47129 — 21 + 679 — 5 — miny,
X={x| —2?—23>-3, 322 + 12 <4, 21 >0, x32 >0},
(070)7 z? = (570)7 z? = (17 _1)¢ at = (17 1);

i’l
11) f(z) = 2?2 +5/22% — x129 — miny,

X ={x |22 —dx1 — 29 < =5, —2? + 611 — 22 > T},

vl =(2,1), 22 = (3,2).

4. JIuneitHOe MporpaMMUPOBAHUE
4.1. Pazauunbie (popMbI 331241 JIUHEITHOTO MPOTrPaMMUPOBAHUS
Beeugm obosuavenus [ = {1,....m}, J = {1,...,n}, L1, I C I, J1 C J, [ Uy =

I, I NIy = (. Tlycrb 3a7aubl BeleCTBEHHBIE Yncia ¢;, by, a;; (1 € I, j € J).
Tpebyerca HafiTH MHHUMYM TI0 & DYHKIIH

w(z) = ¢z, (1)
j=1

Ipu yCJIOBUAX

a;x—b; >0, 1€ Iy; (2)

a;x —b; =0, i € I (3)

xzj >0, j€Ji. (4)

Bnech a; = (a1, .. ., Qin) — -9 CTPOKA MATPHUIH orpanmaennii A, 1 € [ u x = (x1,...,2,)"

— BEKTOP MEPEMEHHBIX 33, TaH.

Bagaua (1)—(4) nazeiBaercs sadauets AUHETHO20 NPOZPAMMUPOSAHUL, 360aHHOT 68 0buel dop-
Me.

Hapsiny ¢ obieit (hopMoit HCIONIB3YIOTCA TaKXKe KGHOHUYECKAA U cmandapmuas dopmbl. Kak
B KAHOHUYIECKOM, TAK W B CTAHIAPTHON dopMe BCe MepeMeHHbIe B JTI0O0M JOMYyCTHMOM PEITeHun
JOJIZKHBI IPUHUMATH HCOTPUILATE/IbHBIC 3HAYCHU A, T. €. Jl - J TaKI/Ie IICPEMECHHbIC HA3bIBAIOTCHA
HEOMPUUAMEALHBIMU B OTJUINE OT TaK HAZBIBAEMBIX C60000HVIT TTEPEMEHHBIX, Ha KOTOPHIE IT0-
no0HOE OrpaHUYeHHe He HaK/IaJblBaeTcda. IIpu aToM B KaHOHMYecKoil (popme 3amaun [1 = (), a B
crangapTroit Iy = ().

Wcmonb3yst MATPUYIHYTO 3AUCH, 33189y JUHEHHOTO TPOrPAMMUIPOBAHTS B KAHOHUIECKOH (hop-
M€ MOYKHO TPEJICTABUTD CASTYIOIMM 06pa30M:

w(z) = cx — min, (5)

Az =b, (6)

x>0, (7)

e ¢ = (c1,...,¢,) — BeKTOp—CTpoKa, T 1 b = (by,...,by) | — BexTop—cTonm6mer, a A = (a;;) —

MaTPHUIA PA3MEPHOCTH 1M X N.
3ajava JUHEHHOTO MPOTPAMMUPOBAHUS B CTAHJIAPTHON opMe TOrIa 3alUIIET s TaK:

w(z) = cx — min,

Ax > b,
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Banadga JIIT B obmeit popme ceoaures K 3agade JIII B kanonngeckoil wian crangaprHoi ¢gpop-
me. Ilon sTuM moHMMaeTcs cylecTBoBaHue OOIEro crnocoba MoCTpOeHUd M0 UCXOMHOM 3asade,
zagannoii B obmieit popme, nHoBoit 3amaqan JIII B myxkuoit nam dopme, j110boe ONTUMATBHOE Pere-
HUE KOTOPOii mpeobpa3yeTcs B ONTUMAJIBHOE PEIIeHNe NCXOTHOM 3aa4uu 1 HaobopoT. Tem cambiMm,
HEe Tepsis ODIIHOCTH, MOYXKHO 3aHUMaThHCA n3yduenunem 3agaqn JIII, npexcrapmennoii, Hanpumep, B
KaHOHHIECKOI dopMme.

PaccmorpumM Ha pOCTHIX MpUMepax HECKOJBKO METO/I0B, TO3BOJISIFOIINX CIe/aTh TAKOe IIpe-
obpaszopanune 3agaun. [Ipex e Bcero, HECKOILKO OOIIMX 3aMETAHMIIA:

1. Jliobag 3am;aga, B KOTOPOil Tpebyercd HAWTH MAKCUMyM I[e/1€BOH (PYHKITMHU, CBOIUTCI K
3ajlade HA MUHUMYM YMHOXKEHWEM Te1eBoi pyHKInm Ha —1.

2. JIroboe orpannveHre—HEePABEHCTBO BUA

n
> " aijz; <b;
J=1

VMHOXKeHNeM Ha —1 TpUBOAUTCA K HEPABEHCTBY

n
/ /
E ity 2 by,

J=1

o I
e a;; = — a5, b; = —b;.
3. JIroboe orpannveHre—HEePaBEHCTBO BUA

n
> " aijz; > b;
J=1

CBOIUTCS K PABEHCTBY BBeJeHMEM HOBOM HeOTpUTIATEIbHON mepeMeHHoi. g 9Toro 10CTaTOqIHO
TTOJIOXKUTH

n
Yi = Zaijl‘j —b; > 0.
=1

Torma mosygaem orpanngeHne—pPaBeHCTBO

n
> " aijx; — yi = bi,
j=1

P 9TOM, OYEBUIHO, UCXOIHOE HEPABEHCTBO mpuauMaeT Bu y; > 0.
4. Jlroboe orpaHuvyeHe—PABEHCTBO

n
E aijxj = bi
j=1

MOXKHO IIPEJCTaBUTL B BHUJE IBYX HEPAaBEHCTB

n n
E Qi 5 > bi, E Qi 5 < bi.
j=1 J=1

5. JIrobas cBobOTHAA IIepeMeHHad T MOKET ObITh IIPeCTaB/IeHa PA3HOCTHIO JBYX HEOTPHIIA-
TeJIbHBIX TTEPEMEHHBIX:

1 2 1 2
rj =uz; —xj, rne z; >0, x5 > 0.
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IIpumep 1. lpusectn x xkanoumuaeckoit hopme (5)—(7) sazauay
T1 + r2 — max,
201 +x2 > 1,
z1 — 22 <0,
x1 > 0.

Peinenne. CBoauM HCXOJHYIO 331341y K 3aJa9e Ha MUHUMYM, YMHOXKUB IeJIeBYI0 (DYHKITAIO
na —1. Iosyuum
w(zr) = —x1 — T2.
SammireM OrpaHNYeHNsI—HEPABEHCTBA B BUJEC PABEHCTB, BBEJS HOBBIE HEOTPUIIATENbHBIE TIEpPe-

MenHble 3 > 0,24 > 0:
201 + a0 —x3 =1,

xr1 — X9 + x4 = 0.

3aMeHnM CBO60,ZLHyIO NEePEMEHHYIO T2 PA3HOCTHIO ABYX HEOTPUIATEJIBHBLIX TEPEMEHHBIX I5 >
0, Tg > 0:
ro9 = Ty — Tg.

[Tocsie 3Tux npeobpazopanuilt MCXoAHAS 33,1898 3AIMUIIETCH B KAHOHUIECKOH dopme:
—x1 — T5 + T — min,
201 —x3+ x5 — 26 = 1,
1+ x4 — x5+ 26 =0,
x; >0(i=1,3,4,5,6).
ITpumep 2. llpusectu K crangapTHON (hOpME BATUCU 3ATaTY

w(z) = 2x1 — x2 — min,

x1 —x2 < 1,
2x1 + x0 = 2,
.’17220.

Perrtenue. 3amernM cBOOOIHYIO MEPEMEHHYIO 1 PA3ZHOCTHIO JBYX HEOTPHUIATENHHBIX Tepe-
MeHHBIX 3 > 0,24 > 0:
r1 = T3 — X4.

BamurreM orpanndeHne—paBeHCTBO B BUJIE JBYX HEPABEHCTB:
2x1 + x2 < 2,
2x1 + x92 > 2.
[Tocse 3TOTO MCXOMHAA 3aJa9a MOXKET OLITH 3aIMCAHA B CTAHTAPTHOH dopMe:
—x9 + 2x3 — 224 — Mmin,
—xo+x3—x4 <1,
To + 2x3 — 224 < 2,
—T — 2x3 + 214 < -2,
i) Z 0,%3 Z 0,1‘4 2 0.

3amaun

1. TTpuBecTn K KaHOHWUIECKON dopme:
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1) 1 — z2 + 3 — max,

r1—22=0, 22 <1, 23 >0;

2) x1 + x2 + 3x3 — max,

2$1—|—$2—|—l’3§1, .TQ-FLESZO, $2207 $320,

3) x1 — x9 — x3 — ¥4 — min,
x1+xe—x4 <1, —x1+x2+24<1, 20+23=1,
x1 20, 22 > 05

4) x1 — x9 — 2x3 — 34 — min,
1 —r2taztarg=1, —x1 — x4 <5, w2+ 23 > 10,
561207 xQZov x3207

5) 1 — x9 — x3 + 1024 — max,

T1+rotaxstaxg=1, xot+ax3+z4=1, T3+ 24 = 1.

2. Bamaqa JIII B crangapTHOit dhopme

x>0
ITPUBOUTCS K KAHOHIYECKOiH (hOpMe ITyTeM BBeICHNS HeOTPUIATEIBHBIX TEPEMEHHBIX i = (Y1, ..., Ym) ' -
ITonywaerca 3amaua

cxr — min,
Ax — By = b,
z >0,y >0

(3mecy F — emmamunas marpuna pasmepa m X m). Jlokazars, uto ecqm (T,y) — perneHue mo-
CcaeqHel 3a1a4u, TO T — PEeIIeHUe UCXOAHON 3a/1a4u.

3. 3azaua JIII B obieit popme
n
Z CjTj — min,
j=1

n
Zaiji’j > bi,1 € I,
i=1

n
Zaijxj =b;,1 € I,
j=1

xTj > 0,7 € Jp.

IPUBOJATCA K KAHOHHIECKOH popMe ImyTeMm 100aBIeHrs HEOTPUIATEBHBIX EpEMEHHbIX Y;(i €
I) u 3amensr nepemennsix z(j € J \ Ji) pasHOCTBIO ABYX HEOTPULATE/ILHBIX [EPEMEHHBIX:

:rj:x}—x?,jEJ\Jl.
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[Monyuennyro 33731y MOXKHO 3AMUCATH B BUIE

1,2 .
g cjx; + E cj(z; — xj) — min,

jen JjeJ\N1

Z aijxj + z aij(le- — CL‘?) —Y; = bi,i € 11,
Jj€N1 jeJ\N1

Z @i+ Z aij(xj —a3) = biyi € Iy,

jeN1 jeJ\J1
zj 2 0,j € Ji,a; > 0,25 20,5 € J\ Ji,
y; > 0,7 € Ih.

Hokazars, ato ecan x;(j € Jl),x},x?(j € J\ J1), yi(i € I) — pertenne mocaeHeil 3a1a91, TO

zj(j € ), x; = :1:]1 - .T?(] € J\ J1) — perrenne ucxoHOM 331a9M.

4.2. Ba3uc u 6a31cHOe pelleHne

Hasee paccmarpuBaercs: ToapKo 3ama4a JII1 B kanorwmaeckoit popme (5)—(7). [lpennomoxmm,
yro marpuna A nmeer paur m (m < n). Torjga B A umeercst m JMHERHO HE3ABUCUMBIX CTOJIO1I0B.
Cucrema nuneitHpx ypasnenuii (6) coBMmectra u nensboirouna. Ilycrs A; = (aij,. . ., amj)T, JE
J.

Onpenesnienne. Jlio6o# nabop Ay (1), - -, Ag(m) T3 M TUHEHAHO HEBABUCHMBIX CTOJIOTOB Ha-
3LIBAETCS Oa3ucoMm, KaK U MaTpuia B = [Aa(l), e ,Aa(m)}, COCTABJEHHAS U3 9TUX CTOJIOIOB.

IMepecranoskoii cronbios Mmarpuy A moxuo npusectn K Bugy A = [B, N|, rne N-nogmarpurna,
COCTABJIEHHAST M3 OCTAJbHBIX CTOJOIOB MaTpuIsl A. [locTynus aHAJTOTHIHBIM 06pPa3oM ¢ BEKTO-

x
POM &, TIOJIyYMM NPEJICTABICHUE T = (xﬁ), e g = (To(1) - - - ,a:o(m))T
Onpepenenue. IlepeMeHHBIe X, SIBIAIOMIIECS KOMIOHEHTAMI BEKTOPA LB (COOTBETCTBEHHO
TN ), HA3BIBAIOTCA 6a3UCHbMYU (COOTBETCTBEHHO HEBAZUCHBIMU).

€T —1
Onpenesnienne. Pemenne cucrembr (6) z = (x]i) = (63 b) HA3BIBAIOT OG3UCHbIM PEIIIEHUEM

(coorBercrBytomMM Gasucy B).

Yreepxkaeune 1. Bektop x — 6asucroe perenne cucremb (6) TOrga 1 TOJBKO TOTA, KOTIA
MHOKecTBO cTob10B {A; | 2; # 0,j € J} Marpunsl A nuHeilHO He3aBHCHMO.

Ywucmo 6a3ucHBIX permennii KoHedHo n e mpesocxoant wucaa C)F. Kaxmgomy 6asucy coor-
BETCTBYET OJHO 0a3ucHoOe peleHue, Ho 6aA3UCHOMY PEIIEHUIO MOXKET COOTBETCTBOBATEH HECKOJIBKO
6a31cos.

Ounpenesenne. Basucnvim donycmumvim pewernuem (6. 1. p.) Ha3bIBaeTCs 060N 3eMEHT
muoxectsa X = {x | Az = b, x > 0}, apnsiomuiicst 6a3ucabiM pertennem cucrembl Az = b.

flcho, garo perenmne, coorBercTBYIOIIEe basnucy B, srisiercst 6. . p. TOIa W TOJBKO TOT/IA,
korma B~1h > 0.

VYreepxkaerue 2. Bexktop = aBisgerca 6a3uCHBIM [OMyCTUMBIM PEITEHUEM TOTIA U TOJIbKO
TOT/A, KOT/Ia, T €CTh KpaiiHsds TOYKa MHOXKeCTBa X .

Vreepxkaeune 3. Ecin X # (), To cymecrsyer 6a3ucHoe J0MyCTUMOe pelleHue.

Teopema 1 (kpurepuii pazpernumoctn). 3adaua (5)—(7) paspewuma mozda u mosvko
mozda, xozda X # 0 u yeaesan dynryua w(zx) ozpanuvena cnusy na muoocecmee X .

YrBepxkaenue 4. Ecin 3azaua JIII paspemmma, To cyimecTByerT OnTHMaJibHOE Oa3UCHOE
JTOTTYCTHMOE PETTIeHNeE.

ITpumep 1. Haiitu Bce 6a3uchl CHCTEMBI PABEHCTB U COOTBETCTBYIOIIME UM DA3WCHBIE perie-
HUSI:
1 +x9+ a3+ 24 =1,
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Tl —x2+x3—24 =1,
xj >0, 5=1,23,4.

Permrenne. Paccmorpum mHOKecTBO cronbos {A1, A2} (ormerum, uro 3qece m = 2). Onn

JIMHEHHO He3aBUCUMBL. 3HA4uT, B = G B D — Gasuc. Habop cronbuos {A1, A3} Gasucom me

SIBJIIETCS, TAK KAK OYEBUJIHO, YTO 9T CTOJIOIbI JTUHEHHO 3aBUCUMbBI. AHAJIOIMYHO YCTAHAB/IMBAEM,
aro {A1, Ag}, {Ag, As}, {As, Ay} — Gasucer, a {Ag, Ay} — ne 6asuc. Tak kKak B JAHHOM ITPUMEDPE
C37 = 6, TO PACCMOTpPEHbI BCe CTyHdam.

Taxum obpazom, {A1, As}, {A1, A}, {A2, A3}, {A3, A4} — BCe Gazmchl maHHONW CHCTEMBI
PABEHCTB.

Haiinem Teneps Bce 6asucubie pertennsi. COrIaCHO BBEIEHHBIM BbIE 0003HAYEHUSIM CUCTEMA,
(6) mpu BBIOpanHOM Gasnce B MoxKeT ObITh 3aIMCaHa B TAKOM BH/IE:

Bxp + Nxpy = 0.
OTKyza, B CUIy CYIIECTBOBAHUs 0bpaTHoit MaTpuisl B~ 1, moydaem, 1To
zp=B"'b— B 'Nuxy.

[Tosioxkus, aro Heba3ucCHBbIE [MEPEMEHHBIE TN PABHBI HYJIIO, HMOJAyduM Oa3uCHOE DEIleHue TR =
—1 o
B™b, zy = 0.
B .

OuesnstHo, uTo GasmcHoe pemtenne (o) MOxHO Hafitn, nonoxus B (6) zy = 0, a 3aTem
paspelInB MOIYUHBIIYIOCI CACTEMY yPaBHEHHI OTHOCHTEJILHO Tp JIIOOLIM YIOOHBIM CIOCOGOM.
Ecmn B = (A1, Az), 10 g = ((1)> Buaunt, z = (1,0,0,0)T — 6azucroe permenme.

ocnemoBarensuo Haxommm, ato Bektop & = (1,0,0,0)T coorsercryer Gazucy {Aj, A4}, a
sexTop = (0,0,1,0)" — Gasucam {Az, A3} u {43, A4}

Takum 00pasomM, paccMaTpUBaEMas CUCTEMa, UMeeT deThipe 0a31ca, HO TOJTBKO ABa DA3UCHBIX
peIleHnst, KaxKIOMy U3 KOTOPBIX MOKHO IIOCTABHTEL B COOTBETCTBHE MO aBa Oasmca. OTMeTHM,
9TO JJisi BCEX 0A3MCHBIX PelieHuil BbInoJHEHO ycsioBue & > () T. e. 370 0a3ucCHbIE JOMYCTUMbIE
PEIeHus.

IIpumep 2. HaiiTu BCe 6a3suCLI CUCTEMBI PABEHCTB U COOTBETCTBYIOIINE UM Oa3UCHBIE JOITY-
CTUMBIC PENICHNA:

x1+ 2o+ 23+ 24 = 3,

1 —xo+ a3+ 204 =1,
z;>2075=12,3,4.

Pemrenue. Herpy/no ycranosuth, uro 6asucamu apisiorea Bl = (A1, Ay), B2 = (A1, Ay),
B3 = (Ag, A3), B* = (A3, Ay) u B> = (A3, Ay). M coorBercTByIOT 6asucHble permrenns ' =
(2,1,0,0)7, 22 = (5,0,0,-2)", 2* = (0,1,2,0)" 2* = (0,5/3,0,4/3)", 25 = (0,0,5,-2)".
BasucHbIME JOMyCTAMBIME permennsvu spsnorest o, 23, 2%, Cpeqn Hux n HY»KHO HCKATH OTITH-
MaJIbHOE, €CJTH 33JaTh 1eJIeBYI0 (DYHKIHIO.

Ipumep 3. Kakue 6a3ucsl cOOTBETCTBYIOT GasucaoMy perrenmio T = (a, b, 0) T cucrenmsr

rT1+ 20+ 2x3=0+Db,

r1 — 2x9 = a — 2b,
x;>0,jeJ={1,2,3}(a>0,b>0)7

Peuienue. Eciu a > 0, b > 0, To 6a3ucom MoxKeT ObITH TOJBKO MaTpuna B = G _ %) Ecan

a>0,b=0,70 {A; | T; > 0} = {A1} n mepssIii crosnber; MOKeT OBITH JOMONHEH [0 (Ga3nca
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IByMsi criocobamu, TPUBOAATINMY K Ha3ucaM, COOTBETCTBYIONINX PEIEHUI0 T = (a,O,O)T, rje
a>0:
1 2
B = (Al,AQ) u B = (Al,Ad)

3aMeTHuM, 9TO BCe CTOIOMBEI MAaTpHUILl A IIOIapHO JHHEHHO He3aBuCcUMBL. B ciaydae a = 0,0 > 0
AHATOTHYHO ToygaeM, uro ecan T = (0,0,0)", rge b > 0, 1o

.B1 = (Al,AQ) n 32 = (AQ,Ad)

U1 makownern, ecim a = b =0, . e. T = (0,0, O)T7 TO UMeeM Tpu 6a3mca, KOTOPHIM COOTBETCTBYET
9TO peIleHne:

B1 = (Al,AQ), B2 = (Al,Ag) 41 B3 = (A27A3)

IIpumep 4. Haiitu pernrenne 3aj1a49u
—31‘1 — 2%2 — T3 — min,

x1+ a2+ a3 =1,
r1— T2+ a3 =1,
2 >0(j =1,2,3).

Pertenne. Herpynno sameruts, aro muoxectso {x | 21 + 22 + 23 = 1,2; > 0,5 = 1,2,3}
OrPaHMYEHHO U COJEPIKHUT B cebe JTOImyCTHMOe MHOxKecTBO. ClemoBaTesNbHO, paccMaTpABaeMas
zajaua paspemmuma. [pu srom panr marpunsl A pasen aByw.

B cuny cymecTBoBaHus ONTUMAIBHOTO GA3UCHOrO IOMYyCTUMOrO PElleHns, HailIeM ero, mepe-
6paB Bce Oa3MCHBIE PEITEHU.

Uneem 6azucot B! = (Ay, Ag) u B% = (Ag, A3), KOTOPBIM COOTBETCTBYIOT GA3MCHDIE PEIICHI

! =(1,0,0)" u 22 = (0,0,1)". Dru pemenns gomycrumbr. Tak xak w(r!) = -3, a w(r?) = —1,

TO OIITUMAJIbHBIM ABJIACTCA DEHICHUEe ¥ = IL‘l.

3agaun

1. Haittu Bce 6a3mchl 33 1aHHOTO 0A3WCHOTO JOIYCTUMOTO PEIeHNs T CUCTeMbI OTPDAHUIEHWH:

1) $1+$2+$3:Oa $1—1'2+ZL'3:0, 531207 $220a ZE320,

T=1(0,0,0)";
2) xit+xotaztas=1 v1—22+a3—x4=1,21>0, 22 >0, 23>0, x4 >0,
(1,0,0,0)7.

x

2. B nanHO#l crcTeMe orpaHUYEHU BhIPA3UThL OA3UCHBIE [IEPEMEHHBIE YKA3AHHOTO 6a3UCHOrO
IOIIyCTUMOTO PEIeHns T Uepe3 HebazucHbIE:

1) 1 +x2+ 223 =3, —221 + 3x2 + 23 =4,
1 20, 22 20, 23 >0,
z=(1,2,0)T;

2) dxy — a9+ 223 =1, 1021 + 22 — 4w = -3,
x1 20, 22 20, 23 >0,
z=(0,1,1)T;
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3) x1 —x9 —2x4 =1, 201 — 20 + T3 — x4 = 2,
2120, 22 20, 23 >0, 24 >0,
z=(1,0,0,0)";
4) 1 +xo+x3+6x4 =3, x93 —x3 — 224 =0, 21+ 214 = 1,
21 20, 22 20, 23 >0, 24 >0,
z=(1,1,1,0)".

4.3. CuMmniekCc—Tabyinua u KPUTEPUl OIITUMAJIBHOCTU. DJIEMEHTAPHOE Npeodpas3o-
BaHMe bOa3uca

Ilycrs BeiOpan 6asuc B = (Ao.(l), ceey Aa(m)), [0 KOTOPOMY IOCTPOeHa SKBUBAJIEHTHAS CHU-
creMa OrpaHu4YeHui—pPaBeHCcTB

x5+ B 'Nzy = B~ b.

IIpescTaBuB BeKTOp € B BUAE € = (CB,CN), THe €B = (Co(1), - - - » Co(m)) COOTBETCTBYET GABUCHBIM,
a cy — HeDA3UCHBIM TTEPEMEHHBIM, Oy TUM, ITO

w=cgB b+ (en — CBB_IN)IEN.
Taxum 06pa3oM, MOJYIAEM CHCTEMY PABEHCTB

—w + E 2055 = 200,
jes’

IEU(Z-)Jr E ZijTj = Zi0, 1=1,...,m,

jes’
re
S'=J\{c(1),...,a(m)}, 200 = —cB™ b,
(2:107 SRR ZmO)T = B_lb7
20 = ¢j — cBB_lAj, ji=1,...,n,

(lez--wzmj)—r =B '4;, j=1,...,n

Kosdbdunuenrst z;; (i =0,m,j = 0,n) 1 cCOCTABIAIOT TaK HA3BIBAEMYIO CUMILJICKC—Ta0/IHILY,
KOTOpasi UCIIOJIB3YETCS B PACCMATPUBAEMOM JAJI€€ METO/IE PEITeHUs:

T e xj e In
—w 200 201 e 205 e Z0n
xU(l) 210 211 PN 215 PN Z1n
xa(i) Zi0 Zil e Zij e Zin
xg(m) Zm0 | Zml PN Zmj PN Zmn
OcobeHHOCTRIO0 TabIUIIBI ABJISETCST CIeyIoIIee CBOiCcTRBO: npw jrobom ¢ = 1,...,m crogbert

¢ nomepom o (i) umeer 1 B i-it cTpoke u 0 B OCTAJIBbHBIX CTPOKAX (eAMHUYHBIN BekTOp). Kpome
TOrO, Z00(;) = 0 (i = 1,m).
IlepecranoBKoit cTOJOIOB U CTPOK U COOTBETCTBYIOIIEH TIEpeHyMepaliieil TepeMeHHbIX CUMILIEKC—

TabIUITy MOYKHO MPUBECTH K BUIY
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T e ZT; e Tm Tm+1 e In

—w 200 0 v 0 e 0 20m+1 e 20n
T 210 1 ... 0 ... 0 Zlm+1  ---  Zln
xT; Zi0 0 NN 1 e 0 Zim+1 e Zin
Tm | Zmo | O ... 0 ... 1 Zmm4+l -+ Zmn

Bnecw (i) = i (i = 1,m). BasucHoe permenne, cooTBeTcTByIOMmee 6azucy B, umeer Buj Tp =
(210, 220, - - - ,zmo)T, Ty = 0, a meseBag QyHKIMG W HA JAHHOM PENTEHWN TPUHUMAET 3HATEHUE
w(f) = —200.

Onpenesienne. Cummjiekc—Tabuia HA3BIBAETCS Npamo donycmumol, ecmu z;g > 0, ¢ =
1,...,m,. Baszuc B, KoTopoMy 3Ta TabJIHIA COOTBETCTBYET, TAKKE HAZBIBAETCSA TIPAMO JTOTYCTH-
MbIM.

Onpegnenenne. Cumiiekc-Tabiaulia HasbBaeTcd deoticmeento donycmumoti, eCIn 2o >
0, 7 =1,...,n. Basuc B, koropomy 91a TabJInia COOTBETCTBYET, TAKXKE HAZBIBAETCS JBOTICTBEHHO
JTOTTYCTHMBIM.

Yreepxkaeune 5. Ecim 3amaua muHeitnoro nporpamMuposanust (5)—(7) paspermma, T0 y
Hee CYITECTBYET MPIMO U IBONCTBEHHO JOMYCTUMBIN Oa3wuc.

VYrBepxkaenue 6 (gocraTodHOe ycja0BHE ONTHUMAJIBHOCTH). Ecan cumiuiekc—rabmia
IPAMO W JBOWCTBEHHO JIOTYCTUMA, TO COOTBETCTBYIONIEE HAZMCHOE PEITEHNE ABIAETCA OTITUMAJb-
HBIM pererneM 3ajgadu (5)—(7).

W3 opamoit AOnyCTUMOCTH CHILIEKC—TalIUIBl CIEIyeT, 9TO 0a3WCHOE PeIeHne T SIBJIgeTCd
JOTTYCTHMBIM PETTeHIEM.

Taxkum 06pazom, IpH HOUCKE ONTUMAIBHOIO perinenns 3a1adn (5)—(7) MOXKHO OrPaHUYNTHCS
paccMoTpenneM HA3UCHBIX TOMYCTUMBIX perenutt. JlocraToumno naiitu 6a3mc, KOTOpOMY COOTBET-
CTBYET LIPSIMO M JIBOMCTBEHHO JIOyCTUMAs CUMILIEKC—Trabiiniia.

Omnpenenenne. [IpeobpazoBanne CUMILIEKC—TaOMUTIBI, TIPH KOTOPOM ITPOUCXOIAT 3aMEHa O/T-
HOTO 13 OA3UCHBIX CTOJOIOB Ha APYTo# cTosberr MaTpuilbl A m3 uncia HeGa3UCHBIX, HA3HIBAETCS
SAEMEHMAPHBIM NPe0dPA306aHUEM OA3UCA.

IIycre B 6asuce B = [Ag(1),- .-, Agm)] cronben A, () 3amenserca ma crombern As, s €
J\{c(1),...,0(m)}. Ecan snement z,s ve pasen 0, rae r > 1, 70 B pe3ysibrare MOLy4InM HO-
BRIt Gasuc [Ag(1), .- Ag(r—1)s As, Agrs1)s -+ -5 Ao(m)]- DTOMY 6azmcy bymeT cOOTBETCTBOBATD
CUMILITEKC—TabHIA, B KOTOPO# BEKTOP—CTPOKH v = (20, Zil, - - - » Zin) (1 = 0, m) npeobpasyrorcs
B BEKTOP—CTPOKM o = (2}, 211, . .., 2,) (i = 0,m) mo cnemyiomemy npasuy:

o = ai—@ar, v FE T
1 TS

al = —a,.
Zrs

IIpu sTOM 7-51 cTpOKa, S-ii CTOJIOEI] U SJIEMEHT Zps HA3BIBAIOTCH 6€JYUUMU.
DJIEeMEHTBI CUMILIEKC—TabJIUIIBI TIPU 3TOM, OUEBUTHO, TPUHUMAOT BUJ

ZisZri
! o is<erj .
Zij = Zij — , TET
) Zrs
/ ZTJ
Zpp = —
ZTS

VYrBepxkaenue 7. Ecyin B mpsiMo TOITYyCTHMOM CHMILTEKC—TabIHIle cymecTByer j = s (s € J),
111 KOToporo zos < 0 m zis < 0 (i = 1,m), To nenepasg pynkuug w(r) He OrpaHUYEHA CHU3Y HA

X.
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Onpenenenune. Basuc B u coorBercTByIoOiee emy 6a3mcHOe pelienne T Ha3bIBAIOTCI 6bi-
podcdentbimu, ecaiu cyiectsyeT ¢ € I Takoe, uro z;0 = 0.

Yreepxkaeune 8. Ilycrs 6a3ucHoe JOMyCTUMOE PEIeHne T He BBIPOKIEHO, 2ps < 0 (s € J)

u cymecryer r € I Takoe, uro zps > 0. Torma cymecrsyer 6a3uchoe IOIyCTUMOE perienue T,
nyg koroporo w(T') < w(T).

Ipuwmep 1. Uccneosars va omtuMaabHocTs pernerne T = (0,0,1,1) T 3amaun
w(x) = x1 + x2 — 203 — 3x4 — min,
201 —x0 +x3 =1,
—T1 + 2z + 74 =1,
2 >0, j=1,234.
Pemenue. Muoxecrso cronbuos {A4; | z; > 0} = {43, A} ={ ((1)) , (9)} marpuipl A

JUHelHO He3aBucuMo. Tak Kak Marpunia B e uHUYHAS, TO I TOCTPOEHUS CUMILIEKC—TAbINITHI,

COOTBETCTBYIOIIEH 9TOMy 6a3ucy, [TOCTATOYHO HCK/IIOUYNUTHL OA3MCHBIE MEPEMEHHBbIE T3 U T4 U3
neneBoit byakiuu. [lomyanm

w:x1+x2—2(1—2x1+x2)—3(1+x1—2:c2):—5+2m1+5x2.

CaenoBarebHO, PABEHCTBA, IIPUHUMAIOT BUJ

—w + 2x1 4+ 5x2 = 5,
T3+ 2x1 — 19 = 1,

T4 — 1+ 220 = 1.

N cumnekc—rabauia MoxkeTr H6bITH TPEACTABICHA TaK:

T T2 X
—w | 5| 2 ) 0
zs |1} 2 -1 1
xqg | 1] -1 2 0

w

»—AOO§

Tak kak Tabsuma siasgercs mpsamo (z19 = 1, 290 = 1) u nBoiicTBerHO (201 = 2, 202 = 5, 203 =

0, 204 = 0) gomycTumoii, TO 6a3UCHOE AOMYCTUMOE PENIEHNEe T— ONTUMAJIBHOE DEleHne. 3aMeTuM,
qTo 37€eck 0(1) = 3, 0(2) = 4.

Ipumep 2. Mcceaemosars ma onramansHocts pemenne T = (0,1,0,2,1)7 zazaun
w(z) = —x1 — x2 — min,
—x1+To+x3=1,
r1 — 2x9 + x4 = 0,
—x1 4+ 2x9 + 5 = 3,
©; >0, j=1,2,34,5.

Pemrenue. B srom npumepe crombusr (As, Ay, As) = ((1,-2,2)7,(0,1,0)7,(0,0,1)T) -
HeitHo HezaBucuMbl. Cjie/loBaTeIbHO, T — 0a3MCHOE JIOIMYCTUMOE pellleHne ¢ OA3UCHBIMU TIepe-
MeHHBIMU T3 = 1,24 = 2,25 = 1. [TocTpouM COOTBETCTBYIOINIYIO PENIEHUIO T CUMILIEKC—TAOIIITY.

Hebazucunie nepemennbie 37ech x1 n r3. ClreoBaTebHO, U3 TEPBOTO ONPAHMYEHUSI—PABEHCTBA
cpagy MmoJyJaemM

ro =14 21 — x3.
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[MogacraBus 9, BeIpakeHHOE depe3 HEOABUCHBIE TIEPEMEHHDBIE, BO BTOPOE U TPEThe OrPAHUICHUA—
PAaBEHCTBA, IPAJEM K COOTHOIIIECHUAM

-1+ 3+ =1,

—x1 4+ 2x3 + 14 = 2,
r1 — 223+ x5 = 1.

Ocrasoch UCKIIOYNTEL OA3UCHBIE TEPEMEHHBIE U3 TeIeBO0l (DYHKIINN:
w(:c) = -1 — 2o = —T1 — (1+JZ1 —563) =—1—2x1 + x3.
Taxwum 06paszom, TPUXOAUM K PABEHCTBY
—w —2x1+x3 =1.

Cumriiexkc—rab/nng NTPpUHUMAET BUJL

T X9 T3 Ty i
—w |1l -2 0 1 0 0
zo | 1| -1 1 1 0 0
xg |21 -1 0 1 0
zs | 1| 1 0o -2 0 1

Basuc He sIBJISIETCA BBIPOZK/IEHHBIM, TaK KakK BEKTOP (210, 220, 230) | = (1,2,1)T me comepzxur
HYJIEBBIX 3JIeMEHTOB. Tabiuia mpaMo JOMyCTHMA, HO HE SBJIAETCH JBORCTBEHHO IOIMYCTHUMOIL:
201 = —2 < 0. 1 Taxk kaxk 231 = 1 > 0, TO coryiacHO yTBep:KJieHUIO 8 cyIecTByeT 0a3ucHOe
JIOIYCTUMOE PENIeHne, KOTOPOe JIAeT MEeHbIee 3Hadenune mneaesoit dbyunkimm, yem w(T) = —zp9 =
—1. JleficTBUTENBHO, TAK KaK 231 7 0, TO MOYKHO Tpeobpa3oBaTh 6a3uC, BHIBEIS U3 HETO CTOJIOEIT
As u 3aMenHuB ero Ha crosber Ap, T. e. moayunTh 6azuc (Ag, Az, Ag).

Coracuo QopMyJiaM 3JIEeMEeHTapHOT0 peobpasoBanus 6azuca, TOIyIUM TaOIUILY

T T2 T3 T4 xIs
—-w |30 0 -3 0 2
z2 | 210 1 -1 0 1
x4 |30 O 0 1 1
ry | 1|1 0 -2 0 1
C MEHBIIIM 3HaIeHHeM 1ejeBoil dbynaxmmn w(T') = —zh = —3, rie @ = (1,2,0,3,0) . Tak kax
203 = —3 < 0 u B TperbeM crosbue (j = 3) HET MONOKUTEIBHBIX JJIEMEHTOB, TO U3 YTBEPXK I€HUS

7 cJesyeT HeOrpaHWIeHHOCTh CHU3Y IIEIeBOH (pyHKIMU w(Z) HA pacCMAaTPUBAEMOM MHOZKECTBE

X.
3agaun

1. UccmemoBaTs HA ONTUMAJIBHOCTD PENIEHUE T:

1) 1 — 2x9 — 223 — min,
1 — 29+ 223 =0, 21+ 22+ b3 = 2,
x1 20, 2 20, z3 >0,
z=(1,1,0)";
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2) x1 — 2x9 — 4x3 — min,
r1— T2 —x3 =1, 11 + 22 + T3 = 3,
1 >0, z2 >0, z3 >0,
zZ=(2,1,0)".

2. Haiitu 6a3mucHoe m10omycTUMOE PEIeHne, ¢ MEHBINTNM 3HAYEHUEM IeIeBON (hyHKIUU YeM Ha
peuieHnun x:

1) —x1 — x9 — 224 — min,
r1+x3+a4 =4, —x1 — 220 — 33+ 24 =0,
2120, 29 >0, 23 >0, 24 > 0,
T=(2,0,0,2)";
2) —x1 +x2 —x3 — 2x4 — min,
1+ T+ a3 +204 =7, xo+T3+24 =05, v3— x4 =3,
2120, 12 >0, 23>0, 24 >0,
z7=(223,0)7;

3) —T] — T2 — T3 — 53}4 — min,

T1+xo—x4 =3, x1 — T2+ 3x4=—1, 201 + 22+ T3 — x4 = 5,
2120, 2220, 23>0, 14 >0,
7 =(1,2,1,0)".

4.4 IIpamoii cuMNJIeKC—MeTOo

Ilycte T — HekoTopoe GasucHoe jomyctumoe perrenne 3agadn (5)—(7), cooTBeTCTBYyIOIIEE
bazucy B. B pe3ynbrare nccienoBanuga CUMILIEKC—TabauIbl ¢ baszucom B BeigBIgeTCd:

1) b0 ONTUMAIBHOCTE PEIIeHus T;

2) b0 HEPA3PENIUMOCTD 331441,

3) B0 BO3MOXKHOCTE Mepexoja K HOBOMY 6asucy.

ITocaenoBaTebHOE TPOABUKEHUE O 0a3MCaM JOMYCTUMBIX OA3UCHBIX PEIeHnil BILIOTH JI0
MOy 9eHrs ONMTUMAIBLHOTO 6a3Mca NN YCTAHOBICHUS HEPA3PEITUMOCTH 331491 COCTABJIAET W0
CUMILIEKC—METOIA.

Onucanme aaropuTMa;

0) IlocTpouTh CHMILIEKC—TAbJIUILY, COOTBETCTBYIOIIYIO 33aHHOMY OA3MCHOMY JIOMYyCTHMOMY
perienuio (Tab/MIA, eCTeCTBeHHO, Oy/IeT IPsMO JIOMYCTUMOI, T.e. Zjo > 0,4 = 1,m).

1) Ecnu cumitexc-rabiuna aBojicTBeHHO fomycTuma, T.e. 2o; > 0, j = 1,n, To KOHELL
(MOJIy9eHO ONTUMAIBEHOE PEIICeHNE).

2) Vnade, BoIOpaTh BeAyIuii cTosberr s : 25 < 0, s > 1.

3) Ecrm {i | zis > 0, @ > 1} # (), To BEIOPATH BEIYIIYIO CTPOKY T TIO TIPABUITY:

2r0 . 2i0 .
Z=min{ == | 25 >0, i > 1},
Zrs Zis

nrade KOHEL (3amaga Hepaspermma u3-3a HEOrPAHUIEHHOCTH T1e1€BOi (DyHKITHN).
4) TIpeobpa3oBarTh CUMILIEKC—Ta0JIUILY, MOJ0KUTE 0(T) := § u nepeiitu Ha nrar 1.

Tlox wrepanmeit TOHUMAETCS OJHOKPATHOE BBITIOJIHEHHE TTATOB ¢ 1-T0 10 4-ii.
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VYrBepxkaenue 9. Ha kax1oil urepanun ajropuTMa CUMILIEKC — TaDJIUIA OCTAETCS TIPSIMO
JOIyCTUMOM.

Omnipesienenne. 3ajada TUHENHOTO TPOTPAMMAPOBAHIS HA3LIBACTCS GhiPONCIeHHOT, €CT Y
Hee CYIIECTBYET BLIPOXK/IEHHOE OA3UCHOE JIOMYyCTUMOE pEIIeHUe X, T. €. TAKOe PEIIeHUe T, YTO
4 | 5 # 0} < m.

YrBepxkaenue 10. B ciyuae HEBBIDOXKIEHHOH 3a/1a4i JUHERHOO NPOIPAMMUPOBAHUS AJI-
TOPUTM CHUMILJICKC—METOJa KOHEYICH.

B ciygae BrIpOXKIEHHON 3371241 BO3MO2KHO TaK Ha3bIBAEMOE 3GUUKAUSIHUE, KOTJIa B PE3YJ/Ib-
TaTe pean3alni HECKOJIbKNX I/ITepa]_[I/Iﬁ AJITOPUTMA IPOUCXOAUT BO3BPAT K 6&31/1(3}77 BCTpeYdaBIIIe-
MYCd paHee. CJ’[e,ZLOBa,TeJ'[bHO, AJITOPUTM MOXKET HEOTPAHWYEHO BBITIOJIHATH OJUH U TOT K€ ITUKJT
npeobpazoBanus Oazuca. Jnsg mw3bekaHus 3alUKJINBAHUS WUCIOJNB3YETCS JEKCUKorpaduaeckmit
BApPWAHT CUMILIEKC—METOIa, OTTHCAHHBIN B CIEIYIONEM MOIPa3Iee.

IIpumep 1. Pemuth 33129y

w(zr) = —x1 — 229 — 33 + T4 — min,
I —31‘2 — I3 —2334 = —4,
r1 — T2+ 23 =0,
Zj 205 j:17273747

B35IB B KaUeCTBe MCXOMHOTO perrenus Touky T = (0,1, 1, O)T.
Permtenne. Tabauia, cOOTBETCTBYIONAA HYJIEBOMY IIMAry, MOXKET OLITH TOCTPOEHA CIEIYIO-

muM obpazom. Tak kak croabupr {Ag, A3} :{ :1> , <_11) } JIMHEHAHO HE3aBUCHMBI, TO NMEEM

6azuc BY = (Aa, A3). Bripasum 6a3ucubie mepeMeHHbIe Ty U T3 U3 OIPAHUYCHMI DABEHCTB Yepes3
HebasucHble niepeMerHble X1 U T4. Lloxyanm

T — 1/2$1+1/2x4 = 17
.’I}3—|—1/2{E1 —|—1/2x4 =1.

NckmounM 6a3ncHble IEPEMEHHbBIE U3 11eIeBOH (DYHKIINN, BLIPA3UEB €€ TOJIbKO Uepe3 HeOa3UCHbBIe
epeMeHHbIe:

w(z) =—x1 —2(1/2x1 — 1/2x4 + 1) = 3(—1/221 — 1 /224 + 1) + 24 = =5 — 1 /221 + 7/2x4.
[IpencraBum 310 paBeHCTBO B yI0OHOM BUIE:
—w —1/2x1 +7/2x4 = 5.

Cumiuiekc—Tabiinng uMeer TAKON MCXOIHbINA BH:

T xT9 T3 T4
—w[5][=1/2 0 0 7/2
Tz [1]=1/2 1 0 1/2
x3 | 1] 1/2 0 1 1/2
Bazuc ne apagerca JABOWCTBEHHO JOIIYCTUMBIM, TaK KaK JIEMEHT Z2p] = —1/2 OTpHUIIaTEC/JICH.

PaccmarpuBaembrit 6asuc vHeBbIpOXKIAeH (210 = 1, 290 = 1), u, cre0BaTEbHO, 3HAYEHNE TEIERBOI
DYyHKIMH MOXKHO yAydIIAThH. B3sB B KauecTBe BEAYIIEro MepBblii cronbern (s = 1), maxoaum
BEJIYIIYIO CTPOKY: T = 2, Tak Kak TOJbKO 291 = 1/2 > 0. TIpeobpazoBas ncxomuyo Tabauiy ¢
BEIYIMM 37eMEHTOM 221, IPUAEM K HoBoMmy basucy Bl = (Aj, A2) u Tabmue

Ty T2 T3 T4
—-w |60 0 1 4
z2 |20 1 1 1
z1 |21 0 2 1




Tak xkak TabauUIA ABIIETCS ABOMCTBEHHO TOMYCTUMOIL, TO Oazuc B I onrumadsien u B cooTBeT-
cTBHE ¢ Tabnuueil morydaeM, uto ¥ = (2,2,0,0)T u w(z*) = —6, Tax xak x* = (220, 210,0,0) ",
*)
w(x*) = —200.
IIpumep 2. Pemuth 33129y

w(z) = —x1 — 229 + 23 — x4 — min,

T1+ a9 — 223+ 34 =1,
2x1 —xo —x3+ 314 = 2,
2 >0, j=1,234,
B3sIB B KAYECTBE MCXOMHOTO permenus Touxy Z = (0,0,1,1) 7.

Pemrenne. Tak xak croaboer Ag = (:%) LAy = (g) JIMHERHO HE3aBUCUMbI, TO UMeeM Das3uc

B = (A3, Ay) u T — 6azucuoe jomycrumoe pemerne. CTPOUM CHMILIEKCTab/IAILY, COOTBETCTBY-
IOIIYIO HYJEBOMY ITary ajropurMma. B pesyiabrare npeobpazopanuii, aHaIOTHIHBLIX 1TPE0bPa30oBa-
HUSIM B IpuMepe 1, oJIiyduM paBeHCTBA

T3+ x1 — 220 =1,

T4+ —29 =1,
—w—x1 —x2 =0,

KOTOPBIM COOTBETCTBYET TabJIHIIA

I T2 I3 T4
—w|0]-1 -1 0 O
zg |11 =2 1 0
g |1 1 =1 0 1
Tak kax 6asumc He ABAAETCA TBOUCTBEHHO IOTYCTUMBIM (HaHpI/IMep, zo1 = —1 < 0) n He

BBIDOXKJIEH, TO 3HAUYEHUE IEJeBOi (DYHKITMU MOYKHO V/IYUNINTh, BEIODAB B KAUECTBE BEJIYIIErO

nepssiii crogber (s = 1). B kauecTse Beymmeit CTpoKu MOXKHO BbIGpaTh /00YI0 n3 cTpok (1 = 1
WK 1 = 2), TOCKOJIbKY
@:@zlzmin{@|zis>0}.
211 221 Zis
IIycrs BbIOpano 7 = 1, u 217 = 1 — Begymmit saement. IIpeobpasosas Gasuc B? B 6aszuc
Bl = (A, Ay), nonyuum rabiuny

-w|1] 0 =3 1 0
zr |11 =2 1 0
zg 0] 0 1 -1 1

31eCh OJHO3HATHO B KQUECTBE BEIYIIETO JIEMEHTa BhIOUpaercs zoo = 1. [IpeoGpasosas basuc
B! B 6azuc B = (A1, As), npugem K Tabamme

I i) I3 Ty
—w|1l]0 0 -2 3
zy |11 0o -1 2
9 o 1 -1 1
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BamMernmM, 9TO TPOU3OILIO TOJBKO HM3MeHeHue Oaszuca. PereHne oCTajgoch TPEXKHUM T =
(1,0,0,0)T. D10 cBI3aHO ¢ TeM, YTO 3TO permieHme BHIPOXKIEHHOE (202 = 0). B mammoii Tabmme
BRIOpATHL BemyIuil 9ieMeHT yke He ymaercs. U ma mrare 3 aJropuTMa BBIYUCICHUS TPEKPAIa-
orest: 203 = —2 < 0 u 213 = 293 = —1 < 0. Hesepas dyuxiust w(x) He oOrpaHUveHa CHU3Y Ha
MHOZKeCTBE AOIIYCTUMBbBIX peH_[eHI/IfI.

JaHHbIil TpUMEp TTOKAa3bIBaeT, 4TO OOoJiee MONPOOHBIN aHAIM3 TEeKYIel CuMILIeKC—TabJnIbI
MOZKET IIPpUBECTU K CYIMIECCTBEHHOMY COKPAIIEHNTO BbIUUCJICHHI. EC.HI/I 6bI B HCXO,Z[HOI?I CUMIIJIEKC—
Tabmuie ObL10 OBl 3aMEYeHO, ITO BO BTOPOM CTOJIOIE HET IIOJIOKUTE/ILHBIX JJIEMEHTOB U 202 =
—1 < 0, To HE HPUILIOCH ObI JBAXK /bl MEHITH DA3MUC.

ITpumep 3. Permmmrs 3amaqgy

w(r) = —x3 + x4 — x5 + 6 — min,
T + 23 — 224 — 35 + 4 = 0,
To + 4xy — 3xy — 225 + 26 = 0,

T3+ x4+ a5+ 26 +27 =1,
r; >0, 7=12,...,7.

Pemenne. Herpyamo 3aMeTuTh, 4TO B KadecTBe HCXOIHOTO MOMKHO BbIOpaTh 6asuc BY =
(Ay, A, A7), mpu sTOM mMeeMm Gazmcroe momycrumoe pemenne T = (0,0,0,0,0,0,1)7. Tannoe
pellenne, 0YeBHIHO, BBIPOK IEHHOE.

Tak xax 6a3uCHBIE IEPEMEHHBIE 1, T2 W T7 HE COMEPIKATCH B I1€/1€BOH (DYHKINN U PABEHCTBA,
AMeroT TpeOyeMblil [IJId IMOCTPOEHHUS CHMILIEKC—TabJUIbl BHI, TO CPa3y IMOAyIaeM CHMILIEKC—

TabuILy:
L1 T2 X3 T4 Ts  Tg X7

-w |00 O -1 1 -1 1 0
z1 |0 1 O 1 -2 -3 4 0
zo |0 0 1 4 -3 -2 1 0
z7 |10 0 1 1 1 1 1
Boitupaem s = 3,7 = 1 u mepexomnm Kk 6asucy B! = (As, A3, A7), mpu sToM GasmcHoe

perrierne He M3MEHNTCS, Tak Kak 29y = 0.

I xT9 X3 T4 Is Te X7
—w |0 1 o 0 -1 -4 5 0
zz | 0] 1 o 1 -2 -3 4 O
z |0 -4 1 0 5 10 -15 0
z7 |1]-1 0 0 3 4 -3 1

Bribupaem s = 4,7 = 2 u nepexoauM K 6azucy B? = (As, A4, A7). Basucuoe pemrenue BHOBb
HEC UBMEHUTCH:

T €T Tr3 T4 xTs5 L6 X7
—w[0] 1/5 1/5 0 0 -2 2 0
z3 [0 =3/5 2/5 1 0 1 -2 0
4 |0 —4/5 1/5 0 1 2 =3 0
z7 |1 7/5 =3/5 0 0 -2 6 1

31eck MOKHO B34Th s = 5,7 = 1. Bazucy B? = (A4, As, A7) cooTBercTBYeT TabHIIA,

il xT9 I3 Ty Ty T6 X7
—w | 0] -1 1 2 0O 0 -2 0
5 [0 —3/5 2/5 1 0 1 -2 0
zs |0 25 =3/5 -2 1 0 1 0
z 1] 1/5 1/5 2 0 0 2 1
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¢ TeM ke OA3UCHBIM PEITICHUEM.
Teneps BozbMEM s = 6,7 = 2. Ilomyunm Gasuc BY = (As, Ag, A7) u Tabmmty

T1 €2 r3 T4 T5 Te I7
—w | 0 —1/5 —1/5 —2 2 0 0 O
x5 | 0 1/5 —4/5 -3 1 0 O
zg | O 2/5 —3/5 —2 1 0 1 0
7 |1 —3/5 7/5 6 -2 0 0 1

Basucnoe pertenne u 37ech He N3MEHUIOCE.
IIycrs Temeps s = 1,7 = 1. Hossrit 6aszuc B® = (A, Ag, A7) ¢ cooTBeTcTByIOmel Tabaumeii i
TEM ZKeE peH_[eHI/IeM:

xr1 X2 €3 T4 Ty T X7
—w|0] 0 -1 =5 4 1 0 O
zy |01 —4 —-15 10 5 0 O
zg [0 O 1 4 -3 -2 1 0
z; |10 -1 =3 4 3 0 1

Boibpas s = 2,7 = 2, mpuaém x 6asucy B® = (Ay, Ag, A7) = BY) 1. e. nponsomen Bo3Bpar K
ucxoaHoMy Oasucy. B 9ToM cilydae roBOPAT, 4TO UK/ 3aMKHYJICA ¥ ITPOM3OILIO 3allUKINBaHIe
anropurMa. Permenue moayduTs He yIAn0Ch.

ITpumep 4. Pemuts 3amauay

w(z) = —=Tr1 — 3 + 4 — 5 — min,
r1 —x2 +x3 =1,
2x1 + 220 + 3 + T4 + 2005 = 12,
2x1 + 29 + x5 = 4,
2; >0, j=1,2,...,5,

B3AB B KadgecTse mexomnoro basuca BY = (Ajg, Ay, As).
Pemenwne. [logcraBum 3 U3 11€pBOro PaBeHCTBA U T5 U3 TPETHEr'0 BO BTOPOE, TOJLYHNM

—3x1 + 22+ x4 = 3.
WcximrounyM 6asucHbIe IepeMeHHLIe T3, T4 U T5 U3 HeaeBOi (OyHKITHIH:
w(x) = —7:U1 — (1—$1+$2)+(3+3$1 —5132) — (4—2%1 —J,‘Q) = —2—.731 — I2.
[Tepeneriem Bce yeoBus B BUJE, YAOGHOM JTd 3AMOJTHEHUST CHMILIEKC—Ta0THITHI:
g+ — 22 =1,
T4 — 3x1 + T2 23,
x5 + 221 + 22 = 4,
—w —x1 — T2 = 2.

Ucxonmas cuMiutekc-Tabmna, coorsercrByomas basucy BY u momycruMomy 6a3mcHoMy perrre-
mmio T = (0,0,1,3,4) T, uvmeer Bug

T i) €T3 Ty Ty
—-w|2|-1 -1 0 0 0
zg 1] 1 -1 1 0 O
g | 3] -3 1 0 1 0
x5 |4 2 1 0 0 1




Tak kKak WMETCS OTPUIATENHHBIE 3JEeMEHTHI B BEpPXHENH CTPOKe: 291 = 202 = —1, TO Tabania
He SIBJSETCS ABOACTBEeHHO momyctumoii. [lostomy Beibupaem Bemymmit cronben s. [Iycrs s = 1.
[Tocne sroro nepexogum Ha mar 3. Tak kak MHOXkecTBO {7 | z;1 > 0} He mycro, TO HaXOAUM

BEJIYIIYIO CTPOKY: L
210 _ g = min{zi0 | zin > 0}: min{f, f}.
211 Zi1 12

Takum obpazoMm, r = 1 ¥ BeayIIUM sIBIASETCS d7aeMeHT 211. HoBwIH Hasuc Bl = (A1, Ay, As).
[TpoBens snemenTapHoe mpeodpazoBanme Hazuca, MOTyIUM TaADIHITY

I xT9 I3 T4 Ty
—w 3|0 =2 1 0 0
z1 1] 1 -1 1 0 O
rg 6] 0 =2 3 1 0
x5 (210 3 =2 0 1

Ona Takke He ABJSIETCH ABONCTBeHHO momycTuMoit. Ogro3HaqHO motydaem s = 2, r = 3. Ilepe-
XommM K HoBoMmy basucy B? = (Aj, A2, Ay), KOTOPOMY COOTBETCTBYeT Tab/ImIa

I T2 I3 T4 Ty
—w | 13/3 | 0 0o -1/3 0 2/3
T 5/3 1 0 1/3 0 1/3
x4 [22/3 |0 0 5/3 1 2/3
T 2/3 10 1 -2/3 0 1/3
B kauecTse BEemymero renepsb BoiGupaem 3aeMeHT 293 = 5/3, Tak Kak zo3 = —1/3 <0 wm

z 22 z
220 22 2105
223 5 213

B pesysbrare sj1eMeHTapHOro mpeobpasopanus nepexoaum K 6asucy B3 = (A1, Ag, A3) u tabiumne

I i) T3 T4 xIs
—w[29/570 0 0 1/5 4/5
x| 1/5 [ 1 0 0
3 [22/5]0 0 1
g | 18/500 1 0

[Ipu aTOM TaK Kak HOJIYyYWJIACH JBOHCTBEHHO JIOyCcTUMAasi TabJuIla, TO MOC€e BBIYUCJIEHUs HY-

JIEBOl CTPOKH (9JIEMEHTOB Z20j,] = 1,M) JOCTATOYHO BLIMUC/IUTH JIEMEHTHI HYJIEBOro CTonbua
2io (1 = 0,m) u Ha 9TOM 3aBepIIUTDL PelIeHUe 3a/1a49M.

OnTrMaabHOe pelreHue TOTYUeHO, U OHO JIETKO OMPeNenseTcsl U3 BLIYUCAEHHON YacTh Tab-
JIAIBL: Ty (5) = 2i0,1 = m, a BCe HeDa3WCHBIE TIEPEMEHHBIE PABHBI HYJIIO, TIPU 9TOM w(f) = —200,
T. e. B paccmaTpuBaemom caydae T = (1/5,18/5,22/5,0,0), w(z) = —29/5.

3amaun

1. IlpuBecTn 33739y K KAHOHUYIECKOMY BHUIY, PEIUTL €€ CUMIIJIEKC-MeTO/IOM M JaTh FEOMET-
PUYECKYI0 MHTEPIPETANNIO KaXKJIO0r0 Iara B IPOCTPAHCTBE II€PEMEHHBIX:

1) —x1 — 9 — min,
x1—x2 <1, Sy + 22 < 1,
x1 20, 22 > 0;
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2) —x1 + 2x9 — min,
1+ w2 <12, 11 — 29 <8,
2120, 2 > 0.

2. PemuThb 33J1a9y CHUMILIEKC-METOIOM, B3sIB B KQUECTBE MCXOJIHOTO DA3MCHOTO JIOMYCTUMOTO
pelenus TOYKYy T:

1) —6x; — x9 — 423 + bxrgy — min,
3x1+ 22 —x3+ x4 =4, bx1 + 20 + 23 — T4 = 4,
120, 22 >0, 23>0, 24 >0,
z=(1,0,0,1)T;

2) —r1 — 229 — 323 + x4 — min,

1 —3x9 —x3 — 224 = —4, 1 — 29 + 23 =0,
2120, 22 20, 23 >0, 24 >0,
7=(0,1,1,0)";

3) —x1 —x9 —x3 — x4 — min,
T1+xo+a3+3x4=3, x1+r2o—23+x4=1, x1 — T2+ 23+ 24 =1,
120, 29 >0, 23 >0, 24 >0,
z=(0,0,0,1)";
4) —x1 — 229 — 3 — 314 — T5 — min,
T+ 2o+ 204+ x5 =05, v1+ T2+ 23+ 324+ 225 =9, 2+ T3+ 224 + 25 = 6,
2120, 2220, 23>0, 24 >0, 25 > 0,
z=(0,0,1,2,1)T;

5) —x1 + x9 — 223 + x4 — x5 — min,
1+ 22+ 223+ 304 — 205 =3, z9 —x3— 24— x5 =0, x1+ 24 — 25 =0,
120, 212>0, 132>0, 14 >0, x5 > 0,
z=(0,2,0,1,1)";

6) —x1 — 2x9 — 223 — x4 — 625 — min,
1+ 3xe +3x3 + x4+ 925 = 18, 1 + dxo + 224 + 85 = 13, 23+ 25 = 3,
2120, 2220, 2320, 24 >0, x5 >0,
z=(0,1,2,0,1)T;

7) —x1 — X9 — T3 — T4 — T5 — min,
1+ 2o+ 223 =4, —2x9 —2x3+ 14 — x5 = —6, x1 — X2+ 63+ T4 + 25 = 12,
2120, 2920, 23 >0, 24 >0, 25 > 0,
zZ=(1,1,2,0,0)".
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4.5 Jlekcukorpaduvueckuii BApUAHT IIPAMOr0 CUMILIEKC—METO/a

STOT METO, TTO3BOJIAET YCTPAHUTDH 3alUKJINBAHUEC W 3a KOHEYHOEC YUCJ/JIO TIarOB TOJJIYYIUTH
perrenme.

Onpenenenne. Henynesoit sektop o = (20, 21, ..., 2n) Aekcurozpadpuuecky, 6oavwe Hysh
(a > 0), ecam TepBasi OTIMYHAST OT HYJIs KOMIIOHEHTa [OJIOXKHUTEIbHA: 2, > 0, Te p = min{i |

Ecmu o/, a” € E, 1, To cuuraerca, 4To BeKTop o jekcukorpadpudecku Gosbiie BekTopa o
(o = "), ecm o/ — " > 0.

Tem cambiM Ha Ey, 1 OTIpejiesieHO OTHOIIIEHNE JTHHEIHOTO TIOPSIJIKA, TAK YTO B JTF000# KOHEYHOiT
COBOKYITHOCTU BEKTODOB {O[Z} nMeercd J'[eKCI/IKOI‘pa(bI/ILIeCKI/I MUHUMAJIbHBI BEKTOD, O603Ha}{ae—
Merit lex min{a’}.

Onpenesienne. CuMmiekc—TabIuila HA3BIBACTCS HOPMAAbHOU, €CIN ee CTPOKU o = (Zo,
Zily -5 Zin), & = 1, m, JeKcuKorpadUuecKn MoJ0KUTe bHbL.

YrBepxkaenue 11. JI106yio IpsiMo JOMYCTUMYIO CUMILIEKC—TabJANIy MOYXKHO TPeofpa30BaTh
B HOPMAJIBHYTO ITyTeM MEePEHyMEPAIMU TIEPEMEHHBIX (C COOTBETCTBYIOIIEH TTePeCcTaHOBKOMN CTOI0-
10B).

ITpu sTOM OUYEBMIHO, YTO HOPMAIBHAT CUMILIEKC—TAbIUIA ABJISETCI TPAMO JIOMYCTUMOM.

OTnanst TeKCUKOTpahuIecKOTO BAPHAHTA MTPSIMOTO CHMILIEKC—METO1a OT OOBITHOTO KACAIOT-
cst 10716K0 0-ro u 3-10 maros (ocTasbHbIe MArH 0CTA0TCs 6e3 u3MeHeHuil):

0') Hauarh ¢ HOpMAJTBLHON CHMILIEKCTab AL

3") Eciu {i | zis > 0, i > 1} # 0, To BBIOpaTh BEAYILYIO CTPOKY I

1 (1 .
—ay = lexmln{—ai | zis >0, 1 > 1},
Zrs Zis
unaue KOHEIL (3amaua mepaspermmma).

DiieMeHTapHOE ITpeobpaszoBanue 6a3nuca Ipu ITOM COXpaHsIeT HOPMAJIbHOCTh CUMILIEKC—TabJIHIIbI.

YrBepxkaenue 12. B pesysbrare 0HON UTEPAITHH JTEKCHKOTPAPUATECKOTO CHMILIEKC—METO/Ia
MTPOUCXOIUT JIEKCUKOTPAPUIECKOE BO3PACTAHUE HYJIEBOH CTPOKH g = (200, 201, - - - » 20n)-

YrBepxkaenue 13. B xoje paboTs JeKCUKOTpapUIECKOTO CUMILIEKC — MeTOAa DA3UCHl He
TOBTOPAIOTCA, 9YTO TaPAHTUPYET €TI0 KOHCIHOCTD.

ITpumep. B kauecTBe mpumepa paccMoTpuM mpuMep 3 w3 mpeabiayiiero nogpasn. 4.4, ma
KOTOPOM OBLIA MPOJIEMOHCTPUPOBAHA BO3MOKHOCTD 3aIMKINBAHIS OOBITHOTO CUMILIEKC—METOTA.
Buibpas 6asuc BY = (Ay, Az, A7), mory<nm HCXOMHYI0 Tab/IMIY, KOTOPAS SBISETCS HOPMAILHOIM:

r1 X2 I3 T4 xT5 Tre Tt
-w |00 0 -1 1 -1 1 0
zy |0} 1 O 1 -2 -3 4 0
zo |01 0 1 4 -3 -2 1 O
z7 |11 0 O 1 1 1 1 1

Hycrs no-npexxnemy s = 3. 3xecs o' = (0,1,0,1,-2,-3,4,0), o = (0,0,1,4,-3,-2,1,0) n
a®=(1,0,0,1,1,1,1,1).

Tax xkak o —al = (1,-1,...) = 0m a® —a?/z03 = (1,0,...) = 0, 70 &® = o' u a® = 1/z9302.
Taxmym o6paszom, Hy:KHO cpaBHUTH o' 1 (1/293)a?. Umeem

1
a1—1a2:(0,1,...)>0.

2

Buaunt, lexmin{a’/z;3 | zi3 > 0} = (1/223)a m r = 2.
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IIpeobpazosas cumiiekc-Tabmmy (mepeiins k 6asucy B! = (A1, A3, A7)), momyanm

T €To T3 T4 xIs T6 Ty
—w[0] 0 1/4 0 1/4 —6/4 5/4 0
z, [0 1 —1/4 0 —5/4 —10/4 15/4 0
x3 |00 1/4 1 =3/4 —2/4 1/4 0
w7 |1]0 —1/4 0 7/4 6/4 3/4 1

37ech BeAYIUil 9JeMeHT ompejessercd oauo3uadno: s = 5,17 = 3. Ilepexons k 6Gasucy B? =
(A1, As, As), npeobpasyem cuminiekc — tabauily. B pesynbrare nepeiiem Kk Tabauie (HeHyKHbIe
9JIEMEHTHI OILYIIEeHbI):

T ) Try T4 T Ie xT7
—w | 1 o 0 0 2 0 2 1
z1 [5/3] 1 0 0
x5 [ 1/3] 0 1 0
zs | 2/3] 0 0 1

Tabuia sBIsgeTcs: IpIMO U JBOUCTBEHHO JomycTHMOi. OQnTuMabHOE PEIIeHNE IOy YeHO 33 JIBe
wreparuun. IIpu srom 2* = (5/3,0,1/3,0,2/3,0,0) ", w(z*) = —1.
3agadn

Pemurs ¢ nomomipio JieKCHKOTPauuecKoro BaAPUAHTA, HPIMOr0 CHUMILIEKC—METOAA 33134y,
BRIOpaB Gasnc BY B kadvecTse mexomHOrO Gaszwca:

1) —x1 — 2x9 — 23 — 224 — 35 — min,
r1— 22— 225 =0, xo+ x4+ 425 =0, x2o+ 23+ 25 = 1,
2120, 22 20, 23>0, 24 >0, 25 > 0,
BY = (Ay, As, A3);

2) —4x) —x9 — a3+ x4 — T5 — 226 — min,
3x1+ 220+ a3+ 24 +a5+26=1, 200 + 200+ 24+25=0, 1 + 22+ 24 =1,
2120, 2220, 23>0, 24 >0, 5 >0, zg > 0,
BY = (A4, A5, Ag);

3) —x1 —4xg — x3 — x4 + 225 — 6 — min,
i +ro+a4=0, 11+ a2 +23+05 =1, 22+ 13+ 26 =1,
2120, 2020, 2320, 24 20, x5 >0, g = 0,
BY = (A4, A5, Ag).

4.6. Meton nckyccrBeHHoro daszmca

B npumMepax, paccMOTpEHHBIX paHee, IIPeAno/arasoch, 9To JHO0 3aIaH NCXOTHBIN JTOIyCTH-
MBI Gazuc, b0 OBLI0 N3BECTHO 0A3MCHOE JOITYCTUMOE PEIeHUE.

B srom moapazmene paccMmarpuBaercs obmmit Meron pemenus 3agaqn JIII B kamommaeckoit
dopMe, TTO3BOIAONTNI Ha TEPBOM JTATIE HANTH DA3UCHOE MOTYCTUMOE PEITieHre NN YCTaHOBUTD,
yto X = (), a HA BTOPOM — ONTUMAJILHBIN 6A3UC U COOTBETCTBYIOIIEE eMy pellenne JMbo yCTaHo-
BUTH HEPA3PEIINMOCTD 3aJa4UN N3-33 HEOTPAHUIEHHOCTH TeaeBoit dpyukmuu. Ilpu sToMm He mpen-
ITOJIAraeTCs, 9TO PAHT MATPHUOLI A pasen m.
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Bes orparmaenus 06IHOCTY MOYKHO CUATATH, 9TO CUCTEMA OPAHWUYEHWH — paBencTs Ax = b
zanucana TakuM 06pazoM, uTo b > 0. DTOro MOKHO JTOOUTHCH, YMHOXKAsT HY2KHbIE CTPOKU Ha, —1.

Torga MeTos UCKYCCTBEHHOTO HA3MCa MOXKHO MPEICTABUTEL B BUJE CJIEIYIONINX TTATOB.

0. IlocTrpouTs cuMIIeKC—TabINIY IJIsT 3aIa9H

m
= g Tpti — min, (8)

i=1
AT + Tpti :bh 1= ]-ama (9)
BoIOpaB B KavectBe Oasuca B = (Apti,..., Apntm). 37€Ch a; — 370 i-s1 cTpoka marpuisl A
(¢ = 1,m). Tax kak Marpuia B eTuHUYIHAS, TO JJIsI TIOCTPOCHUST TAOJIUIIBI JOCTATOYHO B TIE€JICBOM
dbyukuun € BbIpasuTh GasuCHBIE NepeMeHHble (MCKYCCTBEeHHBIH 0asuc) Tni; (i = 1,m) uepes

HebasucHble nepeMennsle T; (j = 1,n), ucnonas3ys orpanudenus (9). B pesynbrare momydnm,
qTO

CrenoBarebHo,
m m
Zooz—g bi, a 205 = E aij, j=1,n.
i—1 i=1

[Ipu sTOoM cuMIIEKC—TabJIUIA IPAMO JONYCTUMA, a H6A3UCHOE JIOMYCTUMOE PEIlleHre UMeeT BUJI
zj=0(=1n), 0 xppy =b; (i=1,m).

1. Tlpogenars maru 1-4 ajropurmMa CUMILIEKC—METOIa, OMUCAHHOTO B mogpasm. 4.4.

Tak kak meneBas Gyuxus 3agaan (8)—(10) orpanudena CHU3Y HyJEM U JOMYCTHMOE MHO-
KeCcTBO, 3amasaemoe ycaosusamu (9)—(10), memycro, to 3amaga (8)—(10) Bcerma paspemmma u
MUHUMYM HeoTpuriareset. [losTomy Ha mepBoM 3Tarne BBIYUCIEHUS MOTYT 3aBEPIITUTHCS TOIhb-
KO IOJy4eHHeM IIPAMO M JIBOHCTBEHHO JomycTuMoro 0azuca. Kak Tosbko Takoii 6azuc dyier
[OJIYY€eH, IePeiTh K CJIEIYIONEMY ITyHKTY.

2. Ecim ontumansroe pemrerne £ > 0, to KOHEIL (ucxopnast 3ama1a He mMeeT J0MyCTH-
MbIX pemenuit: X = ()), nHade yIaquTh U3 CHAMILTEKC-TaOJIUIBl BCE CTOIOIBI, COOTBETCTBYIOIINE
UCKYCCTBEHHBIM LepeMeHHbIM T (j = n + 1,n + m), u Hy/ieByio CTpOKy.

3. Eci 6a3uCHBIME [EepeMEeHHBIMY SBJIAIOTCS TOTLKO IepeMeHHbIe HCXOMHOM 3aaan 5 (§ <
n), TO mepeiTn Ha mar 7.

4. BriGpaTh CTPOKY, COOTBETCTBYIOILYIO NCKYCCTBEHHON TEPEMEHHOH T, (1 > n).

5. Ecin cymectsyer 25 # 0(1 < s < n), TO BLINOJIHATEL 3J€MeHTapHOe Mpeobpa3oBanue
Haznca ¢ BEIYIINM JIEMEHTOM Zps W TTEPEHTH HA ITar 3.

6. Ecin 2,; = 0 14 Beex j = 1,n, TO yAa/IUTh 7-10 CTPOKY U3 CHMILIEKC TaOJUIBI U IepeiTi
Ha Tmar 3.

7. Jo6aBuTh HYJIEBYIO CTPOKY B CHUMILIEKC—TAO/IUILY, 3alUCaB B He€ KOIMD@PUIIMEHTHI Iejie-
BO# (DyHKIIMM OCHOBHOI 3aja4m w (), BRIpaskeHHOH yepe3 mebasucHbe nepemennbie. [lomyuena
IPSIMO JIOIYCTUMAs CUMILIEKC—TabJIniia NCXOAHON 3a/1a4u.

8. Ilpogenars mrarn 1-4 anropurMa CUMILIEKC—METO1a, OTTMCAHHOTO B TToApas3d. 4.4.

laru 0-7 onucanuoro Boiie crocoba moJyueHusi 6a3uCHOTO JIOIYCTUMOIO PEIleHusi OOBIYHO
HA3BIBAIOT NEPELM IMANOM CUMILIEKC-METOA, & METOM B IEJIOM — J6YTIManHviLM CUMILICKC—
METOJTOM.

Brimoinenne mara 6 cBUIETENHCTBYET O JUHEHHON 3aBHCHMOCTH ypaBHeHwit Ax = b, 9T0
TO3BOJIAET YAAIUTH 9acTh ypasHenuit. [1omobHas cuTyanusa BO3HUKAET, €CIW PAHT MaTpunbl A
MEHBIIE YUCIa YPABHEHUN M.
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TTocste BeImosiHEHNS TIATa 7 UMEEM MPAMO JTOMYCTUMYIO CUMILIEKC—TabJINITY NCXOTHOM 33,1349,
T. €. 3aBepmén 0-if mar anropuTMa moapas. 4.4. W MOXKHO TepexoInTh K ero maram 1-4. B
pesynbrare b0 yCTAHOBUM, UTO TeneBas (pyHKusg w(xr) He OrpaHmdeHa CHU3Y, JuO0 TOTyInM

OIITHMaJIbHOE pEHIeHue.

ITpumep 1. Pemuts 3amauy

r1 — T9 + x3 — x4 + 35 — min,

T+ x4 + 225 = 1,

—x9 — X3+ T4 + 225 = 1,

201 — 3x0 + 23+ 24 =0,

;>0 =1,...,5).

Permtenne. Bynem nckars Hagaabaoe 6a3uUCHOE MTOMyCTUMOE PEITEHWE METOIOM HCKYCCTBEH-
Horo 6azmca. st 9Toro m06aBIM MCKYCCTBEHHBIE IEPEMEHHBIE Tg, L7, T8 U MOJYINM 3aJaTy

—x9 —x3+ T4+ 225 + 27 = 1,
2201 — 3xo + 23+ 24 + 283 = 0,
z;>0(j=1,...,8),

Te¢ + 7 + xg — min,

T + x4 + 225 + x5 = 1,

¢ 6asucupiM gonycrumbiM pemennem ¢ = (0,0,0,0,0,1, 1, O)T. Wexmouny 6a3ncHbIE TEpEMEHHBIE
Tg,T7 U T8 U3 NEAEBON (PYHKIMHU ITOH 3a1a491:

&= (1—xl—J;4—2:1:5)+(1+x2+x3—x4—2x5)+(—21’1—|—3x2—x3—:1:4) = 2—-3x14+4x0—3z4—4z5.

JlamnHOE paBEeHCTBO 3AMUINEM B TPUHATOM BHE

[Tonygaem ucxoaHy®0 cuMILieKC—Tabanily

-
Ze
x7
s

—& —3x1 +4xo — 3xy — 4y = —2.

r1 T2 T3 T4 T35 T L7 Ty
-2 -3 4 0O -3 -4 0 0 O
1 1 0 0 1 2 1 0 O
1 0 -1 -1 1 2 0 1 0
0 2 -3 1 1 0 0 0 1

Ha sToMm HysneBoif mar ajropurMa METOa NCKYCTBEeHHOTo basmca 3aBepiiéH. Ilepexomnm x mep-
BoMmy mary. Tabsmmna He sBJjsgercd ABoiicTBeHHO jponycrumoil. Buibupaem Bemymmit crosberr s.
[Iycte s = 4. Beibupaewm Bejyinyto ctpoky. llosyyaem 7 = 3 u, ciie/loBaTebHO, BEIYIITUI SJIEMEHT
z34 = 1. Ilepexomum K HOBOMY Ha3HUCy, KOTOPOMY COOTBETCTBYET CJIEIYIONIAS CUMILIEKC—TabIuIa:

—£
6
Ty
Ty

T Z2 r3 T4 T35 Te T7 X8
-2/3 -5 3 0 -4 0 0 3
1 /-1 3 -1 0 2 1 0 -1
1 /-2 2 =2 0 2 0o 1 -1
0 2 -3 1 1 0 0 O 1
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Tabua BCE emé He ABOWCTBEHHO IOMYCTUMa. BBIOWMpaeM B KaUeCTBE BEAYITIETO JIEMEHT Z15.
[IpeobpazoBas, OJIYIUM CHMILIEKC—TaOIUILY

Tl €I I3 T4 XI5 T6 Tr7 I8
—£1 0 1 1 1 0 O 2 0 1
x5 [1/2]-1/2 3/2 —-1/2 0 1 1/2 0 -1/2
T7 0 -1 -1 -1 0O 0 -1 1 0
T4 0 2 -3 1 1 0 0 0 1

Tabuia mpaMo u aABoiicTBenHo gomycruMa, u £ = 0. Ha mare 2 MeToma ncKyccrBeHHOr0 6a3uca, B
TabIUIe TPOU30iiTeT yAaaeHne HYJI€BOMH CTPOKY M TPEX MOCTETHUX CTOJOIIOB, COOTBETCTBYIOINX
NCKYCCTBEHHBIM TTEPEMEHHBIM. TaK KaK B 6831/1(26 UMeeTCd MCKYCCTBEHHAA TTIEPEMEHHAA T7 U 221 =
—1 # 0, TO MOYKHO BBIIOJTHUTE JEMEHTApHOEe MpeobpasoBanne Das3wuca ¢ BEIYIINM 3JIEMEHTOM
z91 (marm 4 u 5), mocsie wero Hazmce OCTaHYTCA TOJBKO TIEPEMEHHBIE NCXOIHON 3a/1a4u:

r1p X2 T3 T4 Ts
Ts5 1/2 0 2 0 0 1
T 0 1 1 1 0 O
T4 0 0o -5 -1 1 0

Ha sToMm mrepBhIif 9Tamm aaropuTMa CUMIIJIEKC—MeToaa 3aBeptnén. [lepexoany rva mar 7. Beipazum
Jepe3 HeDa3WCHBbIE MMEPEMEHHBIE T2 W X3 IEJEeBYI0 (PYHKIMIO MCXOHON 3amaqun. V3 mocaemmeit
CUMILIEKC—TaDINIIH MMEEeM PABEHCTBA

200 + 15 = 1/2,
x1+ a2+ 23 =0,
—b5x9 —x3+ x4 = 0.
CureroBaTenbHO,
w(z) = (—x9 —x3) — 29 + 23 — (baa + x3) + 3(1/2 — 229) = 3/2 — 1329 — x3.

[Tonyanm cumiLIeKc—TabmIry uexoanoi 3agaan ¢ 6azucom B = (A1, Ay, As) 0 COOTBETCTBYIOIIAM
bazucabiM gomycrumbiM pemmennem T = (0,0,0,0,1/2) :

X1 i) T3 T4 XI5
—w [ =3/2]0 —-13 -1 0 0
zs [ 12 0 2 0 0 1
1 0 1 1 1 0 0
T4 0 o -5 -1 1 0

Temepn nmepexoanm Ha mar 8. Tak Kak CHMILIEKC—Tab/INIIa He sIBIIeTCS IBOMCTBEHHO JOIYCTUMOM,
TO BBIOMPAEM, COLJIACHO MPIMOMY aJATOPUTMY CHMILIEKC—MeTona, S = 2,7 = 2. IIpeobpazyem

TabJHAIly C BEAYIIMM DIEMEHTOM Zoo = 1 U IEPEeXOJuM K IMPSMO W ABOHCTBEHHO IOIMYCTUMOI
TabJuie
T1 Xo T3 T4 s
—w [ =3/2|113 0 12 0 0
s /2 | -2 0 -2 0 1
To 0 1 1 1 0 0
Iy 0 5 0 4 1 0

Takum 06paszom, noryveno onrumasbuoe pemenne ¥ = (0,0,0,0,1/2), npu srom w(z*) = 3/2.
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ITpumep 2. Pemuts 3amauay
—2x1 — Tx9 + 3 + 44 — min,

T+ T — x4 =1,
201 + a0 + x3 — 224 = 3,
$j20(j:1,...,4).

Peienne. Bynem nckath HavagibHoe 0A3UCHOE JTOMYCTUMOE DEIIeHNe METOJIOM HMCKYCCTBEH-
Horo 6aszuca. [lyist 9Toro 106aBUM MCKYCCTBEHHBIE TEPEMEHHBIE T5, Tg W MOIYUUM 33139y

T5 + Tg — min,
T1+x9 — x4+ x5 =1,
2x1 + x0 + x3 — 224 + T6 = 3,
ijO(j:l,...,G)

¢ 6azucHbM jomycTuMbiM perennem = (0,0,0,0, 1,3)T. WckaounM 6a3ucHbIe TepeMeHHbIe
T5, Te U3 1EM€BON (QDYHKIUN TON 331891 U MOJTYINM UCXOAHYIO CUMILIEKC—TabamITy

T €T I3 T4 5 Tg
—¢[=4]=3 =2 =1 3 0 0
5 1 1 1 0 -1 1 0
z6 | 3 2 1 1 -2 0 1

Tabnnia He ABISETCS OBONCTBEHHO OIIYCTHMOI.
z11- [IpeobpazoBas, MOMyInM CUMILIEKC—TADIUILY

BribupaeM B KadgecTBe BEIYINETO 3/IEMEHT

Ty X2 T3 T4 T5 T6
£ =110 1 -1 0 3 0
T 1 1 1 0 -1 1 0
Tg 1 0 -1 1 0 -2 1

Temepnb B KaveCTBE BEAYIETO JIEMEHTA, BLIOMPAEM 232.

TabaHILy
Tl Ty T3 T4 Ty T
-£10]0 0 0 O 1 1
xp | 1] 1 1 0 -1 1 0
xz3 |10 -1 1 0 =2 1

[Tocste mpeobpazoBaHms MTOLY UM CHMITTEKC—

Tabuma mpssMo U ABOUCTBEHHO AomycTuMa. [lofydueHo onTUMANBHOE PEITeHre BCIIOMOTATE k-
wvott 3amagn. [Ipu srom £ = —zp9 = 0. Ha mare 2 B Tabywniie mpousoiifer ymajgeHre HyJIeBOM
CTPOKH W JBYX IOCIEIHNX CTOJIOIIOB, COOTBETCTBYIOIINX MCKYCCTBEHHBIM IEpeMeHHBIM. B 6a-
3UCe MPUCYTCTBYIOT TOJBKO TEPEMEHHBIE MCXOAHON 33a4un. Ha 9TOM TepBhIil 3Tam ajaropurva
CUMILIEKC—MeToaa 3aBepiréH. [lepexonum ma 1mar 7. Beipasum dyepes HebasucHbIE MepEeMEHHBIE
nenesyto dyakmmo w(x). V3 nocrennedt cuMiiekc—Tabamibr mMeeM PaBeHCTBa

T+ w2 — x4 =1,

—Z9 + X3 = 1,
21—z 4+ x4) — Txo + (1 + 29) + 4ag = —1 — 421 + 224.
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[MoyanmM OPSIMO JIOMYCTUMYIO CUMILIEKC—Tab MLy NCXOAHOM 3aga4un ¢ basucom B = (A1, Az) u

coorsercrBytomum perennem T = (1,0,1,0)

—w
T
T3

I T2 T3 T4
-110 -4 0 2
1 1 1 0 -1
1 0o -1 1 0

Teneps mepexoaum Ha mar 8. Tak Kak cuMILIeKC—TabIInIA He siBJIA€TCs JIBOUCTBEHHO JOIYCTUMOT,
10 BeIOUpaem s = 2,7 = 1. [Ipeobpazyem tabauily ¢ BeAyIIIUM 3JIEMEHTOM 212 = 1 M OKOHYIATETHLHO
MIPUXOJUM K MPSIMO JIOIYCTUMOR TabJIuIle C OTPUIATEbHBIM ITOCTETHIM CTOJIOTIOM

T1 T2 T3 T4
~w |34 0 0 -2
zo | 1] 1 1 0 -1
rz3 | 2] 1 0 1 -1

Taxnwm obpazom, neaeBast PyHKIUS UCKOJAHON 3aadn HeorpaHudena cHuzy. Cre0BarTesbHO, OIl-
THUMAJILHOI'O PELICHUS He CYIIECTBYeT.
IIpumep 3. Pemuth 33129y

r1 — T9 + 23 — x4 + 35 — min,
r1+ x4+ 225 =1,
—xo — X3 + T4 + 225 = 2,
2x1 —3x2 + 23+ 24 =0,
z; >0(j=1,...,5).

Pemtenue. Haiijiém nagaibHoe Ha3UCHOE JIOIYCTAMOE PEIEHNE ¢ MOMOIIBI0 METO/a UCKYC-
cTBeHHOTO Oasuca. g 97oro 106aBUM MCKYCCTBEHHBIE TIEPEMEHHBIE T, L7, T U TOJIYIUM 33139y

Tg + x7 + rg — min,
1+ T4+ 225 + 26 =1,
—To — T3+ T4 + 205 + x7 = 2,
201 — 3xg + 23+ 24 + 25 = 0,
1:]-20(]':1,...,8),

¢ 6asucHpiM gonycrumbiM pemernnem ¢ = (0,0,0,0,0, 1,2, O)T. WexmiounM 6a3ncHbIE TTEPEMEHHBIE
13 11es1eBoi PYHKIMK ITOH 3a/a4K W TOJYUUM HUCXOTHYIO CUMILJIEKC—Tab Iy

T X9 I3 Tg Is Teg X7 X8
£ -3|-3 4 0o -3 -4 0 0 O
z6 | 1 1 0 0 1 2 1 0 0
x7 | 2 o -1 -1 1 2 0 1 0
zg | O 2 -3 1 1 0 0 0 1

Tabura He ABAIETCA IBONCTBEHHO JomycTuMOM. Bribupaem B KauecTBe BEIYIIETO SJIEMEHT 234 =
1. TIpeobpazoBaB, MOIyINM CHUMILIEKC—TabIHITY

il T2 T3 T4 xIs e X7 X8
-£/-3|3 -5 3 0O -4 0 0 3
T6 1 /-1 3 -1 0 2 1 0 -1
zr | 2 | -2 2 =2 0 2 0o 1 -1
xq4 | O 2 -3 1 1 0 0 0 1
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Temeps B KauecTBe Bemyiiero sjiementa Boiompaem 215 = 2. Ilocme mpeobpa3oBanus MOy dInM

CUMILIEKC—TaOJIUITY

Tl €I I3 T4 XI5 T6 r7 I8
! 1 1 1 0 O 2 0 1
x5 [1/2]-1/2 3/2 —-1/2 0 1 1/2 0 -1/2
T7 1 —1 -1 -1 0O 0 -1 1 0
T4 0 2 -3 1 1 0 0 0 1

Tabaura npsgMo u gBo#icTBeHHO nonycruma. [logydeno onTuMaabHOE pelleHne BCIoMOTaTe b-

Hoit 3agaun. Tak kak £ = —zgp = 1 > 0, To mcxonHas 3a7a4a HEPA3PEIINMa W3-38 HECOBMECT-

HOCTHU OT'DAHUYCHUIA.
ITpumep 4. Pemuts 3amauay

—x1 — 4x9 — 3 — min,

T+ T3+ T3 =2,
—2x1 + 29 — 13 = —1,
3r1 + 2x3 =3,
z;>0(j=1,2,3).

Pemtenne. Bynem nckats HavaabHoe Ha3mMCHOE AOMYCTUMOE PEIIEHNE METOIOM HCKYCCTBEH-
Horo 6azmuca. g 9TOro JOMHOKHMM BTOpPOE OTPAHMYEHHE—DPABEHCTBO Ha —1 M 100aBUM HCKYyC-
CTBEHHBIE TIEPEMEHHbBIE T4, T5 U Tg. LIOIyInM BCIIOMOTATEIBHYIO 33149y

x4 + T5 + x5 — min,
1+ X2 + 13+ 14 = 2,
21 — 22 + 23 + 75 = 1,
3x1 + 2x3 4+ 6 = 3,
2;>0(j = 1,6)

¢ 6asucabiM gomyctuMbiM pemenunem = (0,0,0, 2, 1,3)T. Wckmrounm OasmcHbIE TTepeMeHHbIe

T4,T5 U Te U3 TEAEBOI (PYHKITUN STOH 3a1a4H:

f:(2—x1—$2—1‘3)+(1—2ZC1+£E2—x3)+(3—3$1—2$3):6—61'1—41'3.

JlamHOoe paBeHCTBO 3AMUIIEM B IPUHITOM BHUIE

—f — 611 — 4.%3 = —6.

[Monyuaem ucxognyto (NepByro) cuMIiekc—rabiuiy

r1 T2 T3 T4 X5 T
£l -6]-6 0 —4 0 0 O
T4 2 1 1 1 1 0 O
T 1 2 -1 1 0 1 0
X6 3 3 0 2 0 0 1
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Tabiuia He gBJseTCH ABOWCTBEHHO JomycTrMoil. Beibupaem Benymit crosibery s. Ilycrts s = 3.
Buibupaem Beayimnyio crpoky. [loxydgaem r = 2 u, ciegoBaTebHO, BeAyIIui saeMenT 293 = 1. Ile-
pexoauM K HOBOMY 6a3mCy, KOTOPOMY COOTBETCTBYET CJIE/IYIOImasi (BTOpasi) CUMILIEKC—Tab/Iura:

X1 T2 X3 T4 T5 T

—£/-212 -4 0 0 4 0
zg | 1 | -1 2 0O 1 -1 0
zz | 1 2 -1 1 0 1 0
ze | 1 | -1 2 0 0 -2 1

Tabura BCe emé He ABOWCTBEHHO MOMYCTUMAa. BBIOWpaeM B KAaUeCTBE BEAVINETO JIEMEHT 232.
[Tpeobpazosas, mMOTyIUM TPETHIO TAOJHILY

1 To X3 T4 Ty g
—£[ 0 0O 0 0 0 0 2
x4 | 0 o o0 o0 1 1 -1
z3 [3/2]3/2 0 1 0 0 1/2
zo [1/2]-1/2 1 0 0 -1 1/2

Tabsmma npsiMo u gBOMCTBEHHO AomycTuMa. [loydueno onTuManbHOe pelllenne BCIIOMOTraTeIbHOM
zagaan. Ilpu srom £ = —2zp9 = 0. [loaromy Ha mrare 2 B Tabsmiie npoU30HaeT yaaleHuEe HYI€BO
CTPOKHU U TPEX MOCTEIHNUX CTOJOIIOB, COOTBETCTBYIONINX UCKYCCTBEHHBIM II€PEMEHHBIM:

T To X
24 [ 0 0 0 0
z3 1 3/2] 3/2 0 1
zo | 1/2 0 =1/2 1 0

w

B gwucie 6a3ucHbIX 0OCTATACH UCKYCCTBEHHAS IEPEMEHHAS T4, IPU YTOM B CTPOKE, COOTBETCTBY-
o1Iell efl, UMEITCS TOJIbKO HYJIEBBIE JJIEMEHTHI. SHAYUT, 3Ty CTPOKY MOXKHO yjaajauTh. Vcxomanas
MAaTPUIA UMeeT PAHT, paBHbIi 2. JelicTBUTEIBHO, €C/IM BEPHYTHCH K TPEANOCIEIHENH CHUMILICKC—
TabJinile U IepenucaTb CTPOKY, COOTBETCTBYIOIIYIO Oa3UCHON IEpeMEHHON X4, B BUJIE PABEHCTBA
T4 + Ts = Tg, TO CpaBy OOHAPYKUM, UYTO TPETHE OTPAHUYCHUE—PABEHCTBO B MCXOIHON 3a7ate
SABJISETCS CyMMOH HEePBLIX ABYX, T. €. OHU JUHENHO 3aBUCUMEL.

ITocne ynamenus cTpokn B Ha31ce OCTATUCH TOMBKO TIEpeMeHHbIe UCX0IHOoM 3agadn. [lepexo-
muM Ha mar 7. Beipasum uepes nebasucubre nepemennbie menesyio dbyukmmio w(z). V3 mocaeneit
CUMILIEKC—Ta0JIUIBI UMeeM PaBEHCTBA

3/2$1 +x3 = 3/2,

—1/2x1 + 9 = 1/2,

w(x) = —x1 —4(1/2+1/221) — (3/2 — 3/2x1) = —7/2 — 3/22,.

Jobasnsiem HyneByw CTpoKy —w — 3/2x1 = 7/2 k npenpiaymei tabaume (yarure, 9T0 mE€pBasd
CTPOKA BBIYEPKHYTA)

1 L2 T3

—w [ 7/2 | =3/2 0 0

xs [3/2] 3/2 0 1

w [ 1/2]-1/2 1 0

[Mosyunm TpsMO JOTYCTUMYIO CHMILTEKC-Tab Iy (MSTYI0)NCXOAHOM 3a1aun ¢ 6azncom B =
(A2, A3) u coorsercrytonm perternem T = (0,1/2,3/2). Teneps nepexogum Ha mar 8 u uriem
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ONTUMAJIHLHOE perrenne. Tak Kak CUMILIEKC—Tab/nia He SIBIAETCA ABOMCTBEHHO IOMYyCTUMOI, TO
Beibupaem s = 1,7 = 1. IIpeoGpasyem Tab/IuIily ¢ BeIyIIIM 3JIEMEHTOM 211 = 3/2 U OKOHYATEILHO
OPUXOAUM K TIPAMO W JBOWCTBEHHO AOMYCTUMOM Tabjiuite

1 To X3
—w | 5|0 0 1
1 |11 0 2/3
zo |1 0 1 1/3
u3 Koropoit caemnyer, uro ¥ = (1,1,0), w(z*) = —5.

3agadn

Pemmts 331849y CUMILIEKC—METO/I0M, HAHAA HaY9aHLHOE OA3MCHOE JTOTYCTUMOE PEIIEHUE Me-
TOOOM HMKYCCTBEHHOT'O 6&3HCa:
1) —x1 4+ 4x9 — 33 — 1024 — min,
1+ 2o — a3+ 24 =0, 1 + 1429 4+ 10253 — 1024 = 11,
331207 56220, 1:320) 1’4207

2) —x1 + 519 + X3 — r4 — min,
T+ 3x9 +3x3+ x4 < 3, 201 + 3x3 — x4 < 4,
r1 20, 22 20, 23 >0, x4 > 0;

3) —x1 — 10z + 23 — 5x4 — min,
1+ 29 —x3—x4=1, —x1+ 222+ 323+ 24 =2, 1 +5x2+ T3 — x4 =5,
r1 20, 22 20, 23 >0, x4 > 0;

4) —x1 — 29 — 23 — x4 — min,
4x1 4 229 4+ dx3 — x4 = 5, dx1 + 322 4+ 623 — 224 = 5, 331 + 202 + 423 — 24 = 4,
2120, 22 20, 23 >0, 24 > 0;

5) —r] — X2 + 23 — T4 + 225 — min,
3r14+xo+x3+rs—2x5 = 10, 621 +22+223+3x4—4x5 = 20, 1021 4+22+323+624— 725 = 30,
1‘120, .1'220, 1'320, 17420, $5207

6) —XI1 —2.1‘2—3.1‘3—4.1‘4—5.1‘5 —>min,
To+x3— 2wy +Tx5 =2, 1 +23 — 204 — 625 =2, 1 + T3 — 224 + Tx5 = 2,
I1207 332207 1"320) 354207 :1:520

4.7. TeomerpuyuecKasi ”HTEPIPETAIUsT CUMIIJIEKC—MEeToaa

Hpe,ZLCTaB.HHeT nHrepec reoMerpudeCKad MHTepneTanud CUMIIJICKC—MeTOda W, B 9YaCTHOCTH,
METOJIa HCKYyCCTBeHHOro Hasnca. [IocKoabKy 6a3nCHOe ZOMYCTUMOE PEIIEHUE — 9TO KpPalHad TOY-
Ka, JIOIyCTIMOTO MHOKECTBA X , a J1I00ast KpalHdsd TOYKa T — 3T0 0a3MCHOE JIOMyCTUMOE PENIeHre
(cM. yTBepKIeHEE 2), TO CHMILIEKC—METOJI TeOMETPHIECKH MPEICTABIACT co00il HAIpaBICHHOE
IBIKEHNE II0 BEPIINHAM MHOTOTPAHHOTO MHOMKECTBA.

ITycts BBIOpan Gasuc B = (Aj,...,A.,), Torna 6a3ucHoe JOMyCTHMOE DETeHne 3a1a8TCs
PABEHCTBAME

xB+B_1N$N:B_1b,I‘N:0, (*)
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rme B71b > 0. Mimeem m + (n — m) = n yc1oBmit, KOTOPbIE 33, AI0T HEKOTOPYIO BEPITHHY MHOTO-
rpaHHOro MHOMKecTBa X, a mMeHHO T = (B715,0). Ilpi aToM ecm 3Ty TOYKY paccMaTpUBaTh B
KadeCTBe HaYa/Ia KOOPAUHAT, TO, TIOCAEI0BATEILHO yOUpas no ofHol Heba3uCHOM TTepeMenHoN u3
yeqosuit zp = 0, moydaeM n — m ocell, NpoXoJsIux depe3 TOUKy T. Kciu ybupaercs yciaopue
zs =0,ne s € J\{l,...,m}, T0o mony4aem ochb Ty, BIOJb KOTOPO# MEHSETCH 3HAYEHUE ITOMH
nepemennoii. IlosokuTe/ibHOE HAaPaBIeHUE COOTBETCTBYET MOJYIIPOCTPAHCTBY Ts > 0. Bribop
BEJYIIETO CTOJIOIA S O3HAUALT, 9TO B KAYECTBE OCH, 110 KOTOPO MPOU30HIET JBUKEHNE B HOBYTO
BepiuHy, Bboibpana och Ts. Eciu 2ps < 0, TO 3TO TOBOPUT O TOM, YUTO MPU JBUKEHUU B I10JI0-
JKUTEIBHOM HAIPABJIEHUM OCU Ty 3HaUeHMe 11e1eBoi dynkimu w(z) yoeisaer. Boibop semymeit
crpoku r(r € {1,...,m}) reoMmeTpuyecKn O3HAYAET, UTO JBUIKEHWE MPOM3ONIET JI0 BEPIINHBI,
ompesesisieMoii ycioBuaMu (), vae paBeHCTBO Ts = 0 3aMeHeHo Ha paBeHCTBO X, = 0, Tak Kak
TepeMeHHast £y CTAHOBUTCS Oa3MCHOM, a X, mepexoanT B HebazmcHble epeMenubie. Kean , ObI-
JIO yKe paBHO Hym0 (z0 = 0 B 6asuce B), TO BepIInHA OCTAHETCs MPEKHEH, HO Mpom30iizer
M3MEHEHNE CUCTEMBI KOOPAWHAT, TIPU 9TOM BMECTO OCH Ig TMTOSBUTCH OChb Tp. 1llar 3 B aaropurme
CUMILIEKC—-MEeTO/Ia 13 1o pas . 4.4 paspernaer npuKenne 10 Osuzkaiineil B BBIOpaAaHHOM HAIPaB-
JIEHWW TUNEPILIOCKOCTH Ty = 0, & BeJIMYUHA 20/ 2rs XaPAKTEPU3YeT BEJUIMHY TIATA.

PaccmoTpum Bce ckazanmoe Ha mpuMepe 4 u3 moapas. 4.6, UCTIONb3ysT eCTECTBEHHYIO HyMe-
paruio Tabsui. ['eoMeTpUYeCKy0 WHTEPIPETAIMIO TPOBEIEM B ITPOCTPAHCTBE UCXOIHBIX IIepe-
MEHHBIX T1,%o U 3. VI, ToBOpsI 0 TOUKe, OyleM HMeTh B BHLY TOUKY T = (T1,x2,23) !, a 24,5
u g OyjieM Ha3bIBATH BCIIOMOrATebHBIMU HepeMeHHbiMu. Ha puc. 1 yKaszaHbl TUIIEPILIOCKOCTH,
OlIpe/ie/isieMble PABEHCTBAMU:

a;r = bz‘ (Z = m),

rme x € E,. B namem cayuae ¢ = 1,2,3,m = n = 3. XKupnag qunug, COeIUHAIONAT TOY-
ki (1,1,0)7 u (0,1/2,3/2)T, — sr0 nomycrumoe MuOKecTBO X. YKa3aH €m§ psi BCIOMOTa-
TEJbHBIX TOYEK JIJid JIYYUIIIETO TIPpEeACTAaBJCHUA CUTYAITUU. HpI/I 9TOM HYXKHO YYUTHIBATH, YTO
paBeHcTBO Tpy; = 0 (1 < i < m) COOTBETCTBYET IMIIEPILIOCKOCTH a;x = b;. Hagambnoe Oa-
3UCHOE JIOMYCTUMOE PEIeHrne COOTBETCTBYeT Hadaay KoopgauHatT 1 = 0,29 = 0,z3 = 0. Dra
TOYKa He IPHUHAIICKAT MHOKECTBY X, HO SIBJISETCS JOIYCTUMOM BO BCIIOMOTATEILHOM 3ajade:
T4 = 2,25 = 1,26 = 3, npuuéM 3HAYEHU ITUX KOOPIUHAT XAPAKTEPU3YIOT OTKJIOHEHUS BHIOPAH-
HOM TOYKHM COOTBETCTBEHHO OT II€PBOI, BTOPOH M TpeTheil IUIIepIJIOCKOCTH, 110 OTHOIIEHUIO K KO-
TOPBLIM MCXO/HAS TOUYKA HAXOAUTCS B OJIOKUTEIbHBIX HoJynpocrpancrsax (x; > 0 (j = 4,5,6)).
Ha mepBoMm 3Tame HeoOXOAWMO TOMACTh Ha MHOXKECTBO X .
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Puc. 1

HebazucubiMu mepeMeHHBIMU SBJISIOTCH T1, T2 U T3 VIMeeM TpH OCH, COOTBETCTBYIOIIHE WM.
[MepBasi cuMILIeKC—TabIUIA TOBOPUT O TOM, 9TO HYXKHO JBUTATHCA ubo 10 ocu o1 (zp) = —6 <
0), smbo mo ocu x3 (203 = —4 < 0). Bribupaem apuzkenne no ocu 3 (s = 3). o Kakux mop Mox-
HO jBuraThbest? Kenum BeiOpars 7 = 1, 1o, mpeobpas3oBas 3Ty TabJnIly ¢ BEIYIIUM 3JIEMEHTOM 213,
noayanMm 1ouky (0,0,2), B KOTOPOil BCIOMOTaTEIbHBIE IEPEMEHHBIE TAKOBBI, 9TO L5 = 220 = —1,
x4 = 0,26 = 230 = —1. lnadue roBopsi, Mbl IMOKUHYJIU JAOIMYCTUMOE MHOYXKECTBO BCIIOMOIATEIbHOMN
3a/1auu W MOJYYU/IM HEeJOMyCTUMbIH Oasuc. Bemwuanna z;p/z;s npu z;s > 0 xapakrepusyer pac-
CTOSIHHE OT BEPIIUHBI, KOTOPOi COOTBETCTBYET CUMILIEKC—TabIAIA, JO THIEPIIOCKOCTH Zy(;) = 0
B MOJIOKUTEJIHHOM HampasjeHun. [[puHaTo gBurarhed mn0 OmKaiiimeit THIEePIIOCKOCTH, ITO Ta-
paHTUPYyeT MONaJaHue B JTOIMYCTUMYEO TouKy. lloaToMy ompenensercd Takoe 7, Jjasd KOTOPOTO

Zr0 . Zi0
—:mln{—]zis>0.
Zrs 1<i<m (246

B mamem ciyuae (mpum s = 3) sro gaér r = 2. llocse mpeobpazoBaHust yIOMSHYTOW BbI-
1€ CUMILIEKC—Tab/IuIIbl, MOJydaeM BTOPYI0 CHMILIEKC—TabJIuIly, KOTOPO COOTBETCTBYET TOYKA
(0,0,1)T, mpm srom 24 = 1,25 = 0,26 = 1, T. e. MOIAIN Ha TUIEPIIOCKOCTh 2T — X9 + T3 =
1(z5 = 0). PaccmorpuM gannyio Touky 6Gosee mogpo6uo. B aroit Touke HebGasucHbIe epeMeHHbIe
21, T2 W 5. OHU ¥ OIPEIEIAIOT HOBYIO CUCTEMY KOOPIMHAT, BOOOIIE TOBOPS, KOCOYToabHY10. OCh
x1 3amaérest yeaosusamu o = 0, x5 = 0, a eé nanpasaerune ycaopueM x1 > 0. AHAIOrHIHO ompe-
JIETAIOTCA OCTanbHbIe 0Ch. [TOCKOMBKY OHM HE COBMAIAIOT CO CTAPBIMU OCSAME, TO 0DO3HAYMM HX
Kak x}, x5 u of (puc. 2). dra cuMIUIEKC—TabanIa TOKA3BIBAECT, YTO CIELYET JBUrAThCS 10 OCH Th
1o runepriockoctr T = 0 (mmm x4 = 0, Tax xKak z10/212 = 230/232 = 1/2). B pesyabrare sneven-
TapHOTO IMPeoOpa30BaHud C BELYIIMM 3JIEMEHTOM Z32 NPUXOIUM K TPETHEH CUMILIEKC-Tab/IuIe, B
KOTOPOIt oo = 0. 3maunt, Touka x = (0,1/2,3/2) " npunragmexur gomycTumomy MHOMKECTBY X .
OIHOBPEMEHHO yCTaHABIMBAEM, UTO OrpaHMdeHuspaseHcrBa Ar = b nmmeitno sasucumbl. V3
puc. 1 BUJIHO, 9TO yAaJI€HUE OJHOIO U3 HUX JOIYCTUMOI0 MHOXKecTBa X He MeHsieT. U3 uerBepToii
CUMILTEKC—Tab/MIbI BUJIHO, YTO YAAJSeTCsa TUIEPILIOCKOCTb T4 = 0 : 21 + 29 + x3 = 1.
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Puc. 2

Pacemorpum nsityio cuminiekc—rabiuiy u puc. 3

Puc. 3

Cornacuo 3toii TabJinite uMeeM jBe DA3UCHBIX MMEPEMEHHBIX To U T3 U HEDA3UCHYIO X1, T. €.
IO JIOMYCTUMOMY MHOXKECTBY X MOXKHO JIBUTaThCsl TOJIBKO B OJTHOM HAIIPABICHUY BIOJb OCH X} .
Tak xak zg1 = —3/2 < 0, To paccMarpuBaemMast TOYKa HE ONTUMAIBHA. [IPOJIBUHYBIINCH TIO OCU
@} mo runeprutockoctu x3 = 0 (TosbKO 211 > 0), TOTyIaeM TTOCTEHION CAMILIEKC—TabInILy, u3
KOTOPOit citemyer, wro Touxa = (1,1,0) " ontumansuas. Permenne 3aBepieno.
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KcraTtu, n3 paccMOTpeHHOTO mpUMepa BUIHO, YTO OH UMEET TOJIbKO B JOMYCTUMBIX Ha3MC-
ueIX pemrenns ' = (0,1/2,3/2)" u 22 = (1,1,0)", Tak Kax JOmyCTHMOE MHOYKECTBO — 3TO
OTPE30K, COCAMHAIONANA 3TH TOYKH.

5. /IBoiicTBeHHbIE 3aJ]a4l JIMHEMHOTO NpOorpaMMupPOBaHUS
5.1. ITocTtpoeHue ABOMCTBEHHBIX 33024

Bamada JHHEHAHOTO MPOrPAMMHPOBAHHA OOLIYHO 3AIMCHLIBACTCA B CIEAYIOIEM OOIINEM BHIE
(cm. mompasm. 4.1):

n

w(z) = chxj — min (1)

j=1

Ipu yCJIOBUAX
aix—bizo, iGIl; (2)
aix—bi:(), iEIQ; (3)
Z; >0, j€J1. (4)
ITpu srom orpanuuenus (2)—(3) Gyuem Ha3bIBATH CYWECMBEHHBIMU, & OrpaHndeHus (4) —
ozparuyenuamu no snaxy. Hamomumm, aro [ = L UL = {1,....m}, [T NI, =0, J; C J =
{1,...,n}, a gepes Jo obosmaunm muOkecTBO J \ Ji. Ilepemennsie z;, j € Jo HaspIBaroTCS

c60600nvmu. C 9TOM 3a7adels, KOTOPYIO Ha30BEM npamoti sadavet; JIII, Tecno cra3ama 3a7ada,
KOTOpast Ha3bIBAETCd dgoticmeennol K Hell win dgoticmeennot sadawed JIII.

JlBoficTBeHHadA 3a/a4a CTPONTCS CJEAYIONINM 00pa3oM:

1) KaK/IOMy CYIIECTBEHHOMY OrpaHUYIeHHIo (2)—(3) CTaBUTCSA B COOTBETCTBHE J60UCMEEHHAA
nepemennas yi(i € I);

2) meseBoit (byHKIHEl, KOTOPYIO HEOOXOAUMO MAKCHMHU3HPOBATH, SIBJISIETCA TPOM3BEICHIE
BEKTOPCTPOKH Y = (Y1,. . ., Ym) Ha BexTOp—CTONOEr b = (b1,... b)) ";

3) KaxK/IOMy OTpaHHYECHHIO—HEPABEHCTBY (2) COOTBETCTBYET OTpaHWUYECHHAs IO 3HAKY Mepe-
menHas, T. €. ¥; > 0(i € 1), a Kaxk10My OrpaHuYeHUI0-PABEHCTBY (3) COOTBETCTBYET CBOOOIHAS
nepementas y; (i € Ia);

4) KayKJIO# OTPAHWYEHHON MO 3HAKY MepeMeHHO Z; (j € J1) cooTBeTCTBYET OrpaHUYeHre—
HEPABEHCTBO ABOMCTBEHHON 3aa49M, KOTOPOE MMEET BUJ,

m
g aijyi < cj (§ € 1)
i=1
U JieBad YacTb KOTOPOT'O MOJTydaeTcs YMHOKEHIEM BEKTOP—CTPOKH Y Ha j-if cTosber A; MaTpHIThI
A, a B 1paBoii yacTn HAXOAUTCA CoOTBETCTBYIOMM KO3dbdumuent nenesoit dynkuuun (1);
5) Kaxk10i cBOOOIHON mepeMeHHOi Z; (j € J2) COOTBETCTBYET OrpaHUYEHNE PABEHCTBO, KO-
TOPOE CTPOUTCS TaK K€, KaK MPeIbIayInee HePABEHCTBO, U UMEeT BT

m
Zaijyi =cj (j € J2).
=1

Taxkum obpasom, nBoiicTBenHOI K 3a1aqe (1)—(4) aBiasercs 3amaua

m
Z b;y; — max, (1)
i=1

m

Zaijyi§0j7j€t]1§ (2')

i=1
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m
Zaijyi =cj,] € Jo; (3"
i1

yi 20,1 € I1. (4"

B BexToprOM Buae napy msoficteennbx 3ama4 (1)-(4) n (1')-(4") moxnO mpencrapuTh Tak:

[Mpamas zamaqa JlsolicrBennas 3aa4a
n m
w(z) = Z cjrj — min z(y) = Z b;y; — max
j=1 i=1
a;r > b; iely yi =0
a;x = b; 1€ Iy 1; — CBOD.
z; >0 Jjen yAj < ¢
xj — cBOO. J € Jo yA; = cj.

Cy1mecTBeHHOIT 0COOEHHOCTBIO OTHOIIEHHUS JBOFICTBEHHOCTH SIBJISETCS TOT (DAKT, ITO 3a/1a4a,
npoiicrernnas K 3agaue (1)-(4"), coBmagaer ¢ npamoii sagaueii (1)—(4). MoxHuo canrars, 9T0
Bce 3aza4n J1II pasbuBarorcst Ha IApHl B3ANMHO JIBOHCTBEHHBIX 33,/1at.

ITpumep 1. Ilocrpours 3aja4y, 1BOWCTBEHHYIO K 3a/a4e

w(z) = x1 — 1029 + 223 — x4 + 725 — min,

2x1 —x9 < 1,
T1 — To+ 223 — T4 + 25 > 4,
To+x3—24 =0,
x1 — 3+ 225 > 3,
x1,x3 > 0.

Pertenne. YTobn1 3anucarh JBOfiCTBEHHYIO 3ajady, npuBeaéM eé cHadanaa K suay (1)—(4).
[Ipu srom neseBast pyHKIMs w () HE U3MEHUTCS, & OTPAHUIEHUS TPUMYT BH/]

Y1 —2r1 + w2 > —1,
Y2 T1 — T9 + 203 — x4 + x5 > 4,
Y3 x] — 3+ 2x5 > 3,
ya | w2+ w3 — 14 =0,
T1,T3 Z 0.

CneBa ykasaubl fBoiicTBeHHBIE Iepemennbie ¥; (i = 1,2,3,4). Teneps Bocmonb3yeMcs ompeiee-
muem (1')-(4') aBoiicreennoit 3amaqn:

2(y) = —y1 + 4y2 + 3ys — max,
—2y1+y2tys<1, | =
y1 — Y2 +ya = —10, x2

20 —ys +ys < 2, | 3

—yo—ysa=-1, | 24

y2+2ys =7, | w5
Y1,Y2,y3 > 0.
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CopaBa JJ1sT HANJISIAHOCTH YKa3aHbl COOTBETCTBYIOIINE MMEPEMEHHbBIE TTpaMOoii 3agadu. OTMmernM,
YTO OI'DAHUYEHUSIM—PABEHCTBAM COOTBETCTBYIOT CBODOJHBIE TIEpEMEHHBIE, a OTPAHUYEHUSIM—He-
PaBEHCTBaM — HeEOTpHUIlaTC/JIbHBIC IICPEMEHHBIC.

IIpumep 2. IlocTpouTsk 3aga49y, JBONCTBEHHYIO K 3a/1a4e

z1 + 1029 — 3 — max,

x1+x2 + 23 > 1,
T —x2 — 13 < 2,
zo < 0.
Perrenne. ITpuseném nannyro 3amaay k suay (1)—(4):
—x1 — 10x9 + 3 — min,
y1 | 1tz t+ag > 1,

Y2 -1 + 22 + 73 > -2,
Y3 —x9 > 0.

3aMeTuM, UTO BCe MEpPEeMeHHBbIe TPAMOil 3ajadu cBOOOgHbIE. J/IBOWCTBEHHAsT 3a/1a9a, COTJIACHO
onpenenennto (1')-(4"), mmeer Bu
Y1 — 2y — max,

Y1 —y2 = —1,

y1 +y2 —y3 = —10,
y1+y2 =1,

y1 > 0,92 > 0,y3 > 0.

Ecmu mexommyto 3amady npusecru K sugy (17) — (4)

x1 + 10x9 — 3 — max,
up —r1 — 22 —r3 < —1,
uy | w1 — w2 — w3 <2,
us x2 < 07

TO JBOUCTBEHHAS 33J1a4a, IPUMET BUJ
—u1 + 2u — min,

—up +ug =1,
—u1 — ug + ug = 10,
—uyp —ug = —1,
ul ZO,’U,Q ZO,Ug 20

BujiHo, 9T0 MBI HOJIy9UJIN Ty YK€ CaMyio JBOMCTBEHHYIO 33/1auy, 9TO W BHIIIE.

Takum 06pa3oM, He CYIIECTBEHHO, K KAKOMY BHJIY IPUBOJUTCS MCXOJHAS 3a1a4a; K Buy (1)—
(4) wnm x Bugy (17)—(4') — B cury cumMeTpUM IBONCTBEHHON K HUM OyIeT OfHA ¥ Ta, Ke 33/a4a,
BO3MOYKHO, [O-JPYTOMY 3aIlMCAHHASI.
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Boustee Toro, ecnim B mexomHo# 3a7a4€e CesaTh 3aMeHy Ty = —To W MPUBECTH 339y K BUJLY
(1)—(4), To moayanTcs 3amada

—x1 + 102}, + 23 — min,
y1 | x1—ah+ x> 1,
Yo | —x1—ah+ag > -2,

zh > 0.

JlpoiicTBeHHAdA K Helt mMeeT BUT
Y1 — 2y2 — max,

Y1 —y2 = —1,
—y1 — Y2 < 10,
y1+y2=1,
y1 > 0,y2 > 0.
MoxKHO TPOBEPUTDL, UTO 3TA 33/1a9a SKBUBAJEHTHA MOJYIEHHLIM PaHee.
3amaun

ITocTpouTh 33181y, IBOHCTBEHHYIO K JIAHHON 3aj1ade:

1) r1 + 2x9 + 3r3 — min,
r1+x9 —4r3 > 1, 11 — 22 = 2,
x1 > 0;

2) 2z +x9 — x3 — x4 — min,
T1+ro—x3+aa=1 21 -T2+ 23 —24 > 2, 1 — 23 < 3,
x1 >0, 12 <0;

3) r1 + 2x9 + 3x3 + 4x4 + S5 — min,
r1+ax3+as+a52>20, x1+2x4+25 <0, 21 —25 =1,
120, 29 >0, x5 <05

4) x1 + 2x9 — x3 + 424 — T5 + 626 — min,

201 — w2+ w3 <2, w9 —x3 — w4 <3, T3+ w4 — x5 >4, x5+ 76 =7,
531207 $2207 .’E4§O, $5§07
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m

n
6) Z Z C,‘j xij m— min,
i=1j5=1

n
> i =a;, i =1,m,
7=1

|
—
S

m .
Z ﬁij%j = bj, J =
i=1

Tij > O, 1= 1,m, j = 1,77,.
5.2. Teopembl ABOHICTBEHHOCTHU

OTMernM CIeAyIONIe BaXKHBIE CBONCTBA B3aWMMHO JBONCTBEHHBIX 3a7a4. Jls omnpemenénHo-
cty OyIeM CUUTaTh, 9TO 3a/1a9a Ha MUHUMYM SIBJISETCH TIPAMOIl, a HaA MAKCUMYM — JBOMCTBEHHOIA.

CaoiicTBo 1. Eciiu £ n y — A0myCTUMBIE PENTeHrd COOTBETCTBEHHO MPSIMON W JBOACTBEHHO
sagaun, 0 w(x) > z(y).

CaoiicTBo 2. Eciiu © n y — A0myCTUMBIE PEITeHnd COOTBETCTBEHHO MPSIMON W JBOACTBEHHOMN
sagaun u w(x) = z(y), TO £ U Y — ONTUMAJLHBLIE PEIIEHUS.

Teopema 1 (nmepBasi TeopeMa ABOWCTBEHHOCTH ). [Ipsamasn u deoticmeentan % nell 3adauu
AUBO 0OHOBPEMEHHO PA3PEWUMBL, AUOO 00HOBPEMERHO HEPaspewtumbl. [Ipu amom 6 nepeom cayyae
ONMUMAABHBIE SHAYEHUA UYEALGHT PYHKUUT IMUL 3adad co6nadaom, a 60 6MOPOM CAYHGE NO
Kpatned mepe 00Ha u3 30044 HEPASPEWUMA 8 CUAY HECOBMECTIHOCTIIY 0ZPAHUYERUT.

OrMeruM, 9TO CYIIECTBYIOT IPUMEPHI B3AUMHO JIBOMICTBEHHBIX 33149 ¢ HECOBMECTHBIMI OTDa-
HUYeHuIMU. [aKas mapa B3aWMHO JBONCTBEHHBIX 33124 TPUBEICHA HUXKE:

IIpsamas 3a1a49a JIpoiicTBeHHAA 331298
r1 — Ty — min, Y1 + 2y2 — max,
1+ =1, y1+y2=1,
x1 + x9 = 2 y1+y2 = —1

Teopema 2 (BTOpasi TeopeMa JABOWCTBEHHOCTH, WJIM TE€OPEMA O HOIOJIHSIONIEH
HeXxécTrocTn). Jonycmumvie pewenus T u Y COOMEEMCMEEHHo NPAMot U 060UCmMEennotl 3a-
darnu ONMUMAAbHBE MOo20a U MOoAbKO Mo20a, K020a

yi(ax —b;) =0 (i € 1),
(¢j —yAj)x; =0 (j € J).
IIpumep 1. Ilpu Kaknux 3HATEHUIX 4 CHCTEMA,
—5y1 + 8ys < a,
Y1 —y2 < =3,

y1 — 2y2 < 3,
2y1 —3y2 <1

HecoBMmecTHa?
Permtenne. lomomanM cucreMy [0 331890 JUHERHOTO IPOrPAMMUIPOBAHAA, T0OABHUB IEIE€BYIO
dyukimo 0 — max, u HoCTPOUM JIBOMCTBEHHYIO K HEl:

ari — 3x9 + 3x3 + T4 — min

=511 + x9 + x3 + 224 = 0,
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8r1 — xo — 223 — 34 = 0,
x; >0,t=1,2,3,4.

Pemrum €€ cummnekc—metogom. [lockombKy mpasas 9acTh Hysepas, TO joboe GasmcHoe perre-
e Gymer monycTuMbIM. BeiGepem B KauecTBe HavasabHOro Oasmca B = (As, A4) m mocrponm
CUMILIEKC—Tabuiry

T T2 i
—w|0|a+b -1 0 0
3 -1 -1 1 0
g |[O0] =2 1 0 1

Ly

w

o

Tabsinma ve sgBjigercd ABORCTBEHHO JgomycTuMoil, Tak Kak zg2 < 0. Ilepexomgum x 6azucy

(Ag,AQ)Z

T3 T2 T3 X4
—w|0la+3 0 0 1
z3 | 0| =3 0 1 1
o | 0| —2 1 0 1

Eciu a > —3, To cumiekc—Tabauiia aBaSeTCs TPsAMO W JIBONCTBEHHO nomycTuMoii. KEcan xe
a < —3, TO 3a7a9a HEPA3PEMNMa BBUIAY HEOTPDAHUIEHHOCTH 1eeBoi hyuknnn. Torma mo nepsoit
TeopeMe JIBOMCTBEHHOCTH MPHU @ > —3 UCXOTHAA CUCTeMa MMeeT pellleHne, a mpu a < —3 OHa
HECOBMECTHA.

IIpumep 2. Haiitn MuHuMaIbHOE 3HAUEHHE JUHEHHON (HPOPMBI

w(x)=x1+x2+ -+ 2y
TIPU OTPAHNIEHUSX
rjtxi 2a,j=1,...,n—1,
1+ Ty = Q.

Perrtenue. Bocmosbayemcs fjst periennst TeopeMamu JABofictBennocTn. CHadaa MOCTPOUM
IOBOMCTBEHHYIO 33J1a4y:

n
2(y) =) aiy; — max
i=1

Yyityir1=Li=1,...,n—1,
Y1 +yn =1,
Y, > 0,2 =1,...,n.

IIycts n = 2k 4+ 1. VI3 cucTeMbl orpaHnyeHnii—paBeHCTB IPHU MTOMAPHOM BBIYHTAHUN MOXKHO
yCTaHOBUTB, 9YTO Y1 = Y3 = -+ = Yk+1 U Y2 = Y4 = -+ = Yok. A us YCJHOBUHA Y1 + Yo =
1,91 + Yor+1 = 1 caenyer, 910 yo = yok+1. Takum obpaszom, Bee y; (i = 1,2k + 1) paBHbl MexK Ly
coboit, 1. e. y; = 1/2 (i = 1,2k +1). Ilpm srom z(y) = 1/2> 7" | ;. B cuny epmacTBeHHOCTH
[TOJIYIEHHOE DEIIEHNe SIBJISETCS ONTUMAJIBHBIM peIleHHeM ABOWCTBEHHON 3asadn. Tak kak Bce
y; (i = 1,7n) nosoXKUTEILHBI, U3 BTOPOil TEOpeMbl JBOHCTBEHHOCTH MOJIydaeM, 9To

T +Tjp1 =aj,7=1n-—-1,

r1 + Ty = Q.
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CnoxuB BCce 9TH paBeHCTBa, mosydamm, ato w(x) = 1/23° " a; = z(y). 3nauur, moboe
pelrieHre JTaHHON CHCTEMbI OMTHMAIbHO. [loodepenHo CKIaspiBasi ¥ BBIYNTAsl 3TH DABEHCTBA,
. k k
HAYMHAS € § = 1, mosmywaem, 910 221 = D . 2et1 — D ,._1 (2, T. €.

n

1
xr1 = 5 Z(—1)8+1O[5.

s=1
Tenepb 110 MHAYKONUN MOXKHO OTIpeaeJMTh U OCTaJIbHbIC KOOPANHATHEI BEKTOPaA X :

7j—1

zj = (=1)7" (Z(—l)sas + :U1>,j =2, 2k+1.

s=1

Taxum obpazom, 3T0 pernieHue ToXkKe equHcTBeHHOE. [IOHATHO, YTO HANWTH €ro m J0Ka3aThb
ONTUMAJILHOCTD, HE 3HAs PelieHns ABOMCTBEeHHOM 33,1291, HEMPOCTO.

Ilycrs Temeps n = 2k. Kak u Bblllle, ©MeeM PABEHCTBA Y] = Y3 = -+ = Yop_1 U Yo = Yq =
oo = yor. lleneByro HYHKITNIO MOXKHO 3aIIACATH B TAKOM BUJIE:

k

z(y) = (Zk: a2s—1)y1 + (Z aQs>y2,
s=1

s=1

rne y1 +y2 = L,y1 > 0,y2 > 0. Haiitu nanbonpimee 3navenune z(y) remepb merpyauo. Ecan
Zl;:l g1 > Zf:l aog, TOY1 = 1,y2 = 0. Ecim 25:1 g1 < Elgzl aog, TOY1 = 0,9 = 1. IIpnm
215:1 Qos 1 = Zl;:l Qios IO00OE perIenne, yI0BJIETBOPSIONIEE YCAOBUAM, OMTHMAIBHO. Takmm
obpaszom,

k k
z(y) = max{z a25—1, Z aQS}.
s=1 s=1

. k k 1 1.
[TycTs st OMPeNeEHHOCTH o1 (2s—1 > » o1 Q2s. Torma yas—1 =1, 42, =0 (s = 1, k).
PaccMOTpEM pernenne UCXOMHOM 3amadm. B crmy BTOPOil TeopeMbl IBOMCTBEHHOCTH HMEEM
paBeHCcTBa
Tos—1 + Tos = as—1, (s =1,k). (*)

k
Crozxus ux, nomyanm w(r) =37 x5 = Y ¢ ags—1 = 2(y). Takum obpasowm, Jo6oe permere,
YZIOBJIETBOPSIONIEE PABEHCTBAM () M HEPABEHCTBAM

x25+$25+1 Za2$7 (3:17"'71{:_1)7

Top + X1 = Qak,
ONTHMAaJILHO. Bplnucarh pemenue B ciaydae 1 = 2k He ymaércsd, HO 3TO U HE TpeboBasIoCh.
3amaun
1. HaiiTn onTrMaIbHOE PENICHHE 3a0a9H, UCXOAS M3 T€OMETPHIECKON MHTEpIpeTalun OBOM-
CTBEHHOM K HEI:
1) z1 4 2x9 + 3x3 + 4x4 — min,
r1+ T2+ x3+ 714 > 1,
2120, 22 20, 23 >0, 24 > 0;
2) x1 + x2 + x3 + x4 — min,
x1—x2 >0, 1 +x2 — 23+ 724 — 5 > 1,
120, 29 >0, 23>0, z4 >0, x5 > 0;
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3) x1 + 5xo + x3 + 1024 + x5 + 316 — min,
—x1+x2+23+2x4>1, 21+ 2200 — 23+ 324 — 25 — 26 > 1,
561207 .1'220 563207 $4207 x5207 55620

2. Ha#iTu omTmMabHOE DeEIeHne 3aJatd, pelras IBOUCTBEHHYIO K Hell 3a/Iady CHUMILIEKC—
MEeTOLO0M:

1) 3x1 + dxo + 4x3 — min,
1 +2x9+3x3 > 1, 201 + 322 +2x3 > 1, 31 4+ 22 + 223 > 1,
6x1 + 622 + 623 > 1, 221 + 43 > 1;

2) x1 —x2 + x3 — min,
x1—x2+2x3 >0, x1+x2 —23 >0, —11 + 2202+ 23 > 1,
T +x3 > 2, =221 — 220 — 323 > 3.

3. Ucnonb3ysa Teopuio ABOACTBEHHOCTH, HANTH ONTUMAIHLHOE PEIICHUE 38 A n:

1) z1 4 2x9 + 3z3 + - - - + nx, — min,

1 +T2+ - +x; >0, 0= 1,n,

2) x1 + x2 + x3 — min,

ATy + xo+x3 > p1, x1+ Ao+ x3 > o, 1+ T2 + Axg > us;

3) x1+ Axg + A2z3 —> min,

1+ Nz + 22 +23 > p1, 21+ (1+N)xe + 23 > po, 1 +x2 + (1 + N)xg > ps.

4. Ncnnonb3ys TEOpHUIo JIBOMCTBEHHOCTH, JTOKa3aTh, UTO:

n
1) cucreMa IMHEHHBIX ypaBHEHH y , a;;; = b;, 1 = 1,m He MMeeT HEOTPHUIATEIBHBIX Pellle-
j=1
m m
HUif TOrJa ¥ TOJIBKO TOLJA, KOTJa COBMECTHa cucreMa y, a5y < 0,7 =1,n, > byy; > 0;
i=1 i=1
m [
2)cucrema JTMHEHHBIX HEPABEHCTB ) | 45y < ¢j,j = 1,n coBMecTHA TOIZA M TOJIBKO TOLAA,
i=1
n [
KOTJa /711 JIFGOr0 HEOTPUIATEILHOIO PellleHns] CHCTeMbl » | a;jz; = 0,4 = 1, m BbIIOIHSIETCS
j=1

n
ycnosue Y, c;jxj > 0;
Jj=1
m m
3)ypaBrenue »  b;y; = b gBIseTCS CJIEICTBUEM CHCTEMBI » | Gy = Cj,j = 1,n Torma m

i=1 i=1
n

n
TOJIBKO TOIJIa, KOIJa COBMECTHA CHCTeMa ypaBHEHHil ), a;;x; = b;,i=1,m, Y, cjz; =b.
=1 j=1

5. llpn KakmxX 3HAYEHUSX G CUCTEMa HECOBMECTHA:
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1) =5y1—2y2<a 2)9y1+16y2>a 3) —=3y1 —y2<a+5

—dy1 +y2 <5, Ty1 —8y2 <9, Y1 — 3y2 —4y3 < 1,
2y1 +y2 < 2, y1t+y2 <1, y1+ys <1,
3y +y2 < 4 n+2p<-L 2p+ytyz <1

Yo +y3 < =27

5.3. [dBoiicTBeHHBII CUMIIJIEKC—METO,

B cuny Teopem apoficTBemHOCTH, pemasa npsimyto 3agady (1)—(4), Mbl OmHOBpEMEHHO ¢ eé
ONTUMAJIBLHBIM PEIIeHHeM TI0JIyYaeM TaKKe U ONTHMAaJbHOe PellleHre JIBONCTBEHHON 3aadu I
yCTAHABIMBAEM HEPA3PEIMMOCThL 00emx 3asa4. [Ipym 3TOM J1d 38718491 B KQHOHUYECKOH hopme
rp = B~ b, ry = 0,ay" = cgB™!, rne x* u y* — onTHMAaJIbHBIE DEIIEHHs] COOTBETCTBEHHO
npsMoil ¥ JBORCTBEHHON 3ajaun, a B — onTtumasbhblil 6aszuc. JlaHHOE CBOMCTBO IPUBOJMT K
IPYTOMY METOJY PENEHNS 380391 JUHEHHOTO MPOTPAMMUPOBAHNS, & MMEHHO K J60UCmMeEeHHoMY
CUMNAEKC—MEMOY.

Janee mpeanmoraraeTcs, 9To UCIONB3YETCA Ta, 2Ke caMmast POPMa, CHMIIJIEKC—TabJIUITBI U TO JKe
eé sJIeMeHTapHoe Mpeodpa3oBaHue.

Onucanme aaropuTMa

0) Hawats ¢ gBoficTBenno gomycrumMoil cuMiutekc—rabsunet (zo; > 0, j € J).

1) Ecan cummiekc—rabaunia mpaMo gomyctuma, T. €. zio > 0, i € I, To

KOHEI (mosty4eHo onTuMa bHOE pelieHue).
2) Beibparh Beayniyto cTpoky 7 : 2o < 0, 7 > 1.
3) Ecim {j | zrj < 0,7 > 1} # 0, 10 BBIGparTs Bepyumii crosber s:

20s .
—— — min
N {

| ey <0, 2 1),
| 2rjl
unave KOHEIT (3agaua nepaspemmma, Tak kak X = ().
4) TIpeoGpa30BaTh CUMILIEKC—TA0JIHUILY, TIOJOKUTE O (1) 1= §
u nepeitu Ha mar 1.

B caydae HEBBIPOXKIEHHOMN IBOMCTBEHHOM 3a/1a91 B KaXK10# TBONCTBEHHO JIOIMTYCTUMOM CUMILIEKC—
Tab/IuLe JIEMEHTBL 20, JJls HOMEPOB j HEGA3UCHBIX LlepeMeHHbIX, 1oaokurensusl (|{j | zo; >
0,7 > 1} = n —m), uro rapanTUpPyeT CXOAMMOCTH JABOHCTBEHHOTO CUMILIEKC-METO/IA 38 KOHEY-
HOE YHCJI0 TaroB. B ciydyae BBIPOXKIEHHON JTBONCTBEHHON 3aIaYH MOYKHO HCIOIBL30BATH TE YKE
CTOCOBBI, UTO M B CAYYaE TPAMOTO CUMILIEKC—METO/TA.

JBOHCTBEHHBIH CUMILIEKC—METO/T YA0OHO UCTIOMB30BATE A5 permennd 3amad JII1 suga

cxr — min
Ax < b,
x>0,

C HeOoTpULATe bHbIM BeKTOPOM c. Tor/a 1nocse npusejienns K KAaHOHMYECKOH popMe 1101y 4aeTcst
JIBOMCTBEHHO JOMYyCTUMAS CUMILJIEKC—TA0INIIA.
IIpumep. Pemuthb 33131y
w(z) = x1 + 3r2 — min,

1+ 22 + 23 < 4,
1 —To + a3 < —1,

z;>0,i=1,23.
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Pemenne. Tak kak sexrop ¢ = (1,3,0) HeoTpuIATEIEH, TO JAHHYIO 3349y HETECOOOPAZHO
peliaTh ABOMCTBEHHBIM CHMILIEKC—METOIOM.
ITpexme Bcero cBemeM 3amady K KAHOHUIECKON (DopMe, BB MOMOJTHUTEIbHBIE HEOTPHUIIA-
TeJIbHBIE TTEPEMEHHbBIE:
w(x) = 1 + 3x2 — min,

1+ To + x3+ 24 =4,
T — 9+ a3+ a5 = —1,
x; >0,1=1,2,3,4,5.

BosbMéM B KauecTse Gazuca JBa HOBLIX cTojibna: B = (Ay, As) 1 mOCTpOUM CUMILTEKC - TaGIUILy

Ty X2 X3 T4 Tp
—w | 0 1 0O 0 0
T4 4 1 1 1 1 0
zs |[—1| 1 -1 1 0 1

Tabsnna gBASETCA JABOUCTBEHHO JOMYCTUMOl, HO HE SIBJISIETCS OPSIMO JIOMYCTUMOM (220 =
—1 < 0). Beaymmii smement Boibupaem ommosaadno (r = 2,s = 2). [Tocme mpeobpazosanus
MOy InuM TabarIy

—w | =3 | 4 0 3 0
T4 3 2 0 2 1 1
T2 1 /-1 1 -1 0 -1

[Mostyuena npsimMo u gBoMCTBEHHO AomycTuMas Tabauia. Cienosarensbuo, 6asuc B = (Ag, Ay)
orrrmmaten, mpu arom ¥ = (0,1,0,3,0)T n w(z*) = 3.
3agaun

PemmTs ¢ mOMOIIBIO IBOHCTBEHHOrO CHMIIJIEKC-METOIa 33,134y, Beopas 6asuc BY B kauecTse
ncxomHoro Hazmea:

1) —z1 — 229 + 423 — min,
1+ 22 —32x3=0, 1 — 220 + 23 =3,
1 >0, 29 >0, z3 >0,
BY = (A1, As);

2) —x1 + Txo + bx3 + 35x4 — min,
211 + 629 — 8x3 — 3024 =6, T1 — a2 + 3+ T4 = —5,
r1 >0, 2220, 23 >0, 24 >0,
BY = (Ay, As);
3) —x1 —x9 — x3 + x5 — min,
1+ 1o — 4wy + 205 = —2, T3+ x3+ x4 — 205 = =2, x1 + 23+ 34 — 225 = —2,
2120, 2220, 23>0, 24 20, x5 > 0,
BY = (Ay, As, A3).
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ITpunoxenmne
MeToa BO3MO2KHBIX HaIpaBJIEHUIA

Jlrobast ocHOBHAsSI 3aJa4a BLIMTYKJIONO IPOTPAMMUPOBAHNS CBOANTCA K 3aJade C JTHHEHHON
1esieBoit (byHKIMEH BBEACHWEM MOMOJHUTEILHON TTEPEMEHHON Ty 1:

Zpg1 — min,
zeX

X = {z = (21, .., T, Tnt1) € Enta| @j(21, i) <0 (j =1,m), f(z1,...;2n) — 2p1 < 0}

Baecw f(x1, ..., Ty) — HeneBasd PYHKIUA UCXOMIHON 3a1a490.
Tlostomy, HEe Tepssd OBITHOCTH, MOXKHO PACCMATPUBATL OCHOBHYIO 33/1a9y BBIITYKJIOTO MIPO-
IPaMMUPOBAHKA B BUJIE

flz) =<c,z >— 2%1)1(1, (1)
X ={o=(21,..,2n) € En| p;(x) <0 (j =T,m)}, (2)

e ¢ — 3aMaHublii BekTop, a ¢;j(x) (j = 1,m)} — mddepennupyembie Bemmykabie dbyakmmm. B
JATbHEHIIeM MTPe/IIo/IaraeTcs, 9TO BBITOJHEHO yeaosue peryrapraoctu Crefirepa.

ITycrs 3amana Touka « € X. Hepes I(x) = {j € {1,...,m}| ¢j(x) = 0 }, xax u panee, 0603Ha-
YIUM MHO2KECTBO MHAEKCOB dKTUBHBIX OI'DAHUYCHUN, & AJId YCTAHOBJICHUA TIpEJe/ia JOITyCKaeMOU
MOTPEINTHOCTH P YUCICHHOM perternn 3a7a49n (1)—(2) BBe1éM MHOXKECTBO

J(z,0) ={je{l,...m}| —d <gpjx) <0},

rie 6 — 3aJaHHLIA IOJOKHATENLHLIN mapaMeTp.

Mycts 69 > 0w 20 € X — HeKoTOpble HAYATbLHBIE YCJIOBHS U IYCTh YK€ M3BECTHO k-e
npubmukenne oy > 0w 2F € X (k> 0).

Paccmorpum ciejyroriye 3a1a9u JUHERHOTO IPOIPAMMUPOBAHUS.

Bamaga A
o — min, (3)
U?p
<c,p><oao, (4)
<<p;'<xk)7p>§0- (]ej(xkvék))v (5)
il <1 (i=1,n), (6)

e TTOCIeTHIE YCIOBUS — 3TO YCJIOBUSA HOPMUPOBKH BEKTOPA, P, KOTOPHIE TIO3BOIAIOT OrPAHUINTH
JIOMYCTUMYI0 00JIaCTh PACCMATPUBAEMON 3a1a4H.

O603HAUNM ONTHMATLHOE PelTenne 9Toil 3aaun epes (o, p¥). Tak Kak HyleBas TOUKA SB-
JIEeTCsl OmyCcTuMOit, To o < 0. 113 sroro dakra u yeaosuit (4) u (6) ciemyer cyiecTBoBaHme
OIITUMAJILBHOT'O PEeIICHNA.

Sagaua B




Tax kax I(zF) C J(2%,0;), o G < ok, Tae depes G 0603HAUEHO ONTHMAIBHOE 3HAUCHHE
nesaepoil pyHKIuM 3amadn B. 3aMeTuM, 4To pEMIeHrE 3TOM 3aJa9M TAKXKE BCETIA CYIMIECTBYET.

Teopema 1 (kpurepwmii ontumanbuocTn). [lycrs (0%, p*) — onrumasnbHoe perienne 3a-
maan B gug x* € X. Torma ¢ = 0 B TOM U TOJBLKO B TOM CJIy4ae, KOTaa &* — ONTHMAILHOE
perenne 3a1aan (1)—(2).

Onumem ogfy k-10 ATEpALMIO METOa BO3MOXKHLIX Hanpasaenuil. [lpn sTom yaxe mveem 0y > 0
nrkf e X (k=0,1,..).

ITlar 1. Pemmrs 3ama9y A (3amagy (3)-(6)). Ilyers (o, p¥) — omruManbmoe pemenie.

Ecin o, < =0k, 10 nonaraem 01 = 0 M nepexoum Ha, mar 2.

Ecmm —0; < ok < 0, To nomaraem k1 = 0 /2 m nepexoamm Ha mar 2.

Eciu o), = 0, T0 pemraeM 3a1ady B 1 HAXOINM pEIIeHue o, Pr.

EC.HI/I Ek == 07 TO BEKTODP l‘k COTJIaCHO KPUTEPUIO ONTUMAJIBHOCTU ABJIACTCA OIITUMAJIBHBIM
perernem ucxonuoit 3agaun. KOHELL

Ecmu & < 0, 1o nonaraem 041 = 0x/2, p* = p.

ITlar 2. OupeseauTs BeaMUMHY IIara oy (B HampasieHan pv).

ITycTs ipj — HaMMeHbLIINIE MOIOXKUTE/ILHEIN KOPeHb yPaBHeHM

k k
(" + ap”) =0.
On Moxer ObITh HalijieH, HanpuMep, MeToJIoM JuxoroMun. Ilosaraem
ap =min{og| 1 <j<m}.

HTar 3. Oupenenursb

M = 2k g,
J(@" k1) = (] = Ok < (¥ <03,
I = {jlgi(@*) =0},

ITar 4. Ecnu BBINOJTHEHB! YCI0BUS OKOHYaHUS mporecca seruncsiaennit, to KOHELL, unave
mostaraem k := k + 1 u mepexoaum Ha mrar 1.

B mampnom onmcaHmu aJropuTMa He KOHKPETU3UPYIOTCS YCIOBUSA OKOHYAHHS BBIYHCICHHI,
TAK KaK OHM MOTYT CyNIECTBEHHO 3aBMCETh OT PACCMATPUBAEMON 3a/a4u.

Teopema 2. Ilycts ¢;(z) (j = 1,m) — rmagkue BbityKsble GyHKIUH, BBIIOJIHEHO yCJIOBHE
Caetirepa u muoxkecrso X orpanudeno. Torua:

1) nocnemonarensrocts { f(z¥)} cxommres k Bemumme f* = mingex f(x), T e.
f(@F) =< c, 2 >— f* npu k — oo;

2) mrobas mpeesbHAsS TOUKa & mocaegoBaTenbrocTn {2F} ecTh Touka MuHIMYMa DyHKIIT
f(z) ma MHOXKECTBE JOMYCTUMBIX perenuii X .

K onucannOMYy METO/y PEeIeHust MOXKHO CAETATh CIIYIOININe 3aMeTaHns:

1. Ecotir HeobxouMo HalTH HadalbHYI0 TouKy 2 € X, TO Ha IepBOM STalle PEerIaeTCs BCIIO-
MOraTeJbHAs 331a494 BBITYKJIOTO TPOrPAMMHAPOBAHAS

¢ — min

IPY OTPAHUICHUSTX
pi(r) <& (j=1,m).

9Ty 3a1a9y MO2KHO DEMIaTh METOJO0M BO3MOZKHBIX HaHpaBJIeHI/II?'I, B34B B Ka49e€CTBE I/ICXOILHOI?’I JITO-
TOUK TaKylo, 9T n > maxi<j<m ;(2). [lpn BpmONHEHMH yCIOBHS

6yt TO ', 2’) rakyio, uro ' € E,, & > maxi<j<m@j(z’). 11 onHe CJI0

Cuefitepa uepe3 KoHewHOE 4nc10 maros nomryanm & < 0, 9eMy COOTBETCTBYeT JOIMyCTHMAs Ha-

wanbHag Touka 10 = x¥ g zamaun (1)-(2).
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TTocste aTOTO TIEPEXOAMM KO BTOPOMY ITAILY: MOUCKY ONMITUMAJIBLHOTO PEITIEHNsT OCHOBHOMN 33,1891
(1)-(2).

2. Ha mrare 4 nrepanuyu MeTO[a BO3MOYKHBIX HAIPABICHUN B KAUECTBE KPUTEPUS OCTAHOBKH
MOXKHO B3$ITh OIIEHKY OTKJIOHEHUS I10 1IeJIEBON (DYyHKIUN

| min < c,z>— <c¢zF> | <| min <cz>— <cazb> |,
zeX IEXk

T. . Ha k-#i uTeparuu HeOOXOAMMO PEIUTh 33139y JUHEHHOT0 TPOrPaMMUPOBAHUS

< ¢, >— min,
reXy

Xi = {2] pj(a")+ < gi(z"), 2 — 2" ><0 (i =T,m) }.

Borauncaennst mpekparmarTcs, ecan IpaBasd 9acTh BEPXHEr0 HEPABEHCTBA CTAHET MEHBITE 3aaH-
HOII BEJIMYHMHBI.

3. YeioBrg HOPMUPOBKHM BEKTOPA HAIPABACHUS P B 3a7a4ax A n B HeobXomuMbl g TOro,
9T00BI 00ECTIeYNTH CYIIECTBOBAHNE KOHETHOTO PereHus. EC/m CyIecTBOBAHNE TAKOTO PEITEHNsT
caeyeT B KOHKPETHON 3aJa4e U3 KAaKUX-TO IPYTHUX COOOparKeHuil, TO HEKOTOPbIE N3 OrPpAHNIeHIH

lpi) <1 (i=1,n)

MOXKHO yOPaTh, 9TO, €CTECTBEHHO, YIIPOCTUT PEIIaeMyIo 3aady.

13 mpuBenénnoro HUXKe OpUMeEpa BUJIHO, UTO METOJ BO3MOYKHBIX HANpaBJAeHUIN Tayke I
CPaBHUTEIBHO MPOCTBIX 3a7a4d Tpedyer 6osbmoro odbéma Boeraucsenwuii. 1loaTomy sTOT METOM
He paccMaTpPUBAeTCsd Ha CEMUHAPCKUX 3aHATHAX, XOTd B TEOPETHIECKOM Kypce OH M3JIaraeTcs
MOJIHOCTBIO. Mbl nocuYmTaim HEOOXOAMMBIM IIPUBECTU XOTS Obl OJMH W/LIIOCTPATUBHBIN HPUMED
B JAHHOM y4eOHOM MmOocobmHU, TaK KaK Ha HEM XOPOIIO BUIHBI OOIIMEe OCOOEHHOCTH UNCIEHHBIX
MEeTOJIOB PEIEHN 3319 BHITTYKJIOTO TTPOTPAMMUPOBAHNIS.

ITpumep. Pemuth MeTOMOM BOBMOYKHBIX HAITPABICHUN 32Ty

z(x) = x3 — min

Z1,22,T3
IPY OTPAHUICHUSIX
e1(z) = :c% 4+ 2x120 + 230% —2x1 — 29 — w3 — 2 <0,
pa(z) = w%—i—x%—xl—l—xg—mg—i’)go,
p3(x) = :U%+.1’1—4.1’2—.7}3—|—3§0,

B3B8 B KadecTse nagambnoi Touky 20 = (1,—1,9)".

Pemenwne. Bossumém dg = 0.5. Torma J(2°,00) = I(2°) = {3}, Tak kax ¢1(2°) = —11 <
—50, (pg(xo) =—-12< —(5(), gOg(JJO) =0> —dg.

ITepBasi urepamus. 1. Pemaem zamaay A:

0 — min,
<C7p>_0_5p3_0'§07
< @4(z"),p> —0 =3p; —4ps —ps — 0 <0,
_pl_léou pl_léoa _p2_1§07p2_1§0

Tax kak B 3amadax A u B Ha KaxXJ0i UTepaldy IepBoe orpannienne < ¢, p >< ¢ Bcerga Oymer

MMeTh BHJ P3 < 0, & ONTHMAILHOE pelenre TakoBo, 4To o, < 0, To B mo6oii Touke =¥ mvmeem
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HEPaBEHCTBO p]?f < 0. B cuny BTOporo orpanuuenus ps > —o + 3p1 — 4po. [Ipasag gacts 37€Ch,
OYEBHJIHO, OrpaHnyeHa CHE3y. TakuMm 00pa30oM, KOMIIOHEHTA P3 OIPAHHYEHA B CHJIY MMEIOIIUXCS
orpaHudeHuit. JTO COPABEIINBO JId BCEX paccmaTpuBaembix masee 3agnad A u B. Tlosromy
orpannvenue |p3| < 1 MoxkHO yGpaTh.

Pemus ynpomérayio 3agady A, momyanm p° = (—1,1,-3.5)T, 09 = —3.5. Tak xak 0¢ < —do,
To mostaraem 01 = &g = 0.5.

2. OupejesieHne BEJIMYMHBL THIATA Q).

JBurarbcst cieyer BJIOJIb JIyda

r1=1—a, zo=-14+a, 213=9-3.5a (a>0).
HanMeHbInM 13 TOJIOKATENbHBIX KOPHEH ypaBHeHu
pi(a’+ap®) =0 (j=1,2,3)

apserca g = 2.1, mpm arom @2 (z¥ + app?) ~ 0.

3. Ompenenenne HOBOM TOYKN U MHOXKECTB UHIEKCOB.

1

Hogoe npubanxenne x* onpegensercs mo (popMyie

2t =20+ app® = (-1.1,1.1,1.65) ",

mpu sToM p1(xl) = —1.34 < =61, =61 < pa(x!) = —0.03, ¢3(z!) = —2.94 < —§;. Bmaunr,
J(a:l,él) = {2}

BamermyM, 9TO 37ech maxi<;j<3 @j(r!) = —0.03 # 0, Ho Gosmmre —§;. Mapamerp § BreASH
AMEHHO IJIsI TOTO, 9TOOBI He TpebOBaJIOCh HAXOAWTh TOYHOE 3HaUeHne KopHda «. Ilpm mambix
3HAYEHNAX ) JOCTATOUYHO HAWTH Takoe aj; > 0, 910 —d) < goj(ack + akjpk) < 0, m BRIOpaATH
MUHAMAaJILHOE 13 HuX 10 j. Komeuno, ueM Tounee 6yIyT HaXOIUTHLCS KOPHE, TEM, BOODIIE TOBOPs,
JTyUITIe.

Bropas urepanusi. 1. Pemmaem 3agauy A:

0 — min,
<ec,p>—-0c=p3—o <0,
<<,0’2(:1:1),p>—aE—3.2p1+3.2p2—p3—0§0,
_pl_léoa pl_léoa _p2_1§07p2_1§0

Perus a1y 3aa4y JuHEHHONO NPOIPAMMUPOBAHUS, IOIYTUM pl = (1,—1, —3.2)T, o1 = —3.2.
Tak kak o1 < —51, TO 52 = 51 = 0.5.
2. Ompemenenne BeIMYUHDI IMara 1. BUraeMca BIOIb JIyda

x1=—-114+a, 29 =—-11—-a, z3 =1.65-32a (a>0).
HauMeHbImmM 13 MOIOKATETLHBIX KOPHEH ypaBHeHU
piat +ap') =0 (j=1,2,3)

aprgerca o1 = 0.45, npu sTom @3(z! + apl) ~ 0.
3. Oupejesienre HOBOI TOYKU U MHOXKECTB UHJIEKCOB.
Hosoe npubsmkenne &2 ompeensercs mo hopMyIte

2% = 2! + ap' = (—0.65,0.65,0.21) .

Tak xax @1(2?) = —1.14 < =8y, @o(z?) = —1.07 < =62, —62 < @3(2?) = —0.04 < 0, TO
J(x2,82) = {3}.
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Tperbsa urepamus. 1. Pemaem 3agaay A:
o — min,

<c,p>—-o0c=p3—o0 <0,
< @h(2?),p>—0=—0.3p —4py —p3 — 0 <0,
_pl_lgoa pl_lgoa _p2_1S07 p2_1§0
Perms, nosyunm p? = (1,1, -2.15)T, 09 = —2.15 < —6a, d3 = 63 = 0.5.
2. Kak u BbIIIe, OIpee M BeJIHUHHY IIara ao: o = 0.36, mpu sroM a(x? 4 agp?) ~ 0.
3. Oupejiesienre HOBOI TOYKM U MHOXKECTB UHJIEKCOB:
23 = 2% + aop® = (—0.29,1.01, -0.57) ", J(23,85) = {1,2},

Tak KaKk (%) = —0.32 > —83, @o(z3) = —0.03 > —d3, p3(2?) = —0.68 < —63.
Yerséprasa urepanus. 1. Pemaem 3agagy A:

o — min,

<c,p>—0=p3—0 <0,
< @i (a®),p> —o = —0.56p; + 2.46py — p3 — 0 <0,
< golg(:c3),p > —0 = —1.58p; +3.02py — p3 — o <0,
—p1—1<0,p1—1<0, =p2—1<0, pp—1<0.
Perms, moxyunm p? = (1, -1, —-1.51)T, 03 = —1.51 < —63. 3uaunr, omars ds = d3 = 0.5.
2. Kak u BBIIIe, ompeesuM Bedmumuy mmara ag: ag = 0.12, mpm stom 3(2® + agp®) = 0
(BBIUMCIEHNST TIPOBOAMM € TOYHOCTHIO j10 0.01).
3. Onpenenenrie HOBOM TOYKYM U MHOXKECTB WHJIEKCOB:
at =23 + azp® = (—0.17,0.89, —0.75) T, J(z*,8,) = {1,2,3},

Tak KaK 1(zt) = —0.49 > —&y, pa(z?) = —0.37 > —d4, p3(z?) = 0.
IMTaras nrepanus. 1. Pemaem 3amaay A:

0 — min,

<e¢,p>—0c=p3—o0 <0,
< (), p> —0 = —0.56p; +2.22py — p3 — 0 < 0,
< h(zh),p> —0=—1.34p; +2.78py — p3 — 0 <0,
< ¢h(z?),p > —0 = 0.66p) — 4p2 — p3 — 0 < 0,
-p1—1<0,p1 —1<0, =p2—1<0, pp—1<0.

Perrtus 91y 3agauy, mogyunm, uro o4 = 0. 3Haunt, HEoOXoAMMO peruTh 3agauy B. Tak kak
I(xz*) = {3}, To permaem 3a1auy JTUHEHHOTO IPOrPAMMUPOBAHUS:

o — min,

<ec,p>—-0c=p3—o <0,
<<,0§(:1c4),p>—050.66p1—4p2—p3—0§0,
7p1*]-§0a plilgoa 7p271§07p2*1§0
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Homyumv p* = (—1,1,-2.33)7, npu satom 74 = —2.33 < 0. CregoBarensro, 05 = 04/2 =
0.25, p* =p*.
2. Onpenenenne mara oy. JIpuraeMcs: BIoJb JIyda

x1=—-017—a, 29 =089+ a, x3 = —0.75 —2.33a¢ (v > 0).
HamMeHbImuM B3 HOI0KATEIBHBIX KOPHEH YpaBHEHMI
4 4y _ o
@iz +ap’) =0 (j=1,2,3)
apiserca ap = 0.06, mpu sTom o (z* + ayp?) = 0.
3. Onpeneneane HOBOM TOYKH U MHOXKECTB HHIECKCOB:
2® = 2t + aup* = (—0.23,0.95,-0.88) ", J(z°,85) = {1,2,3},
Tak Kak ¢1(2°) = —0.19 > —85, pa(x®) = 0> =65, p3(x°) = —0.1 > —65.
ITTecras nrepamus. 1. Pemaem 3agaay A:

o — min,

<c,p>—0=p3—0 <0,

< ¢ x5),p > —0 = —0.56p; + 2.34py — p3 — o <0,
< ¢y
< ph(z®),p > —0 = —0.54p; — 4ps —p3 — 0 <0,

(
(x5),p > —0 = —1.46p; + 2.90p3 — p3 — o <0,

_pl_lgoapl_lgoa _p2_1S07p2_1§0

Pemmus, moayunm p° = (1,0.18,—-0.08)T, 05 = —0.08 > —d5. BHauuT, OUATH IPOHCKOIUT
yMeHbIeHne mapaMerpa 0: 0g = 05/2 = 0.125.

2. Onpeyenenne BeTMIMHBI 111ATa, (U5

JlBuraemcs BIOIb JIyda

r1 = —0.23+ a, v2 =0.95+ 0.18¢, 3 = —0.88 — 0.08a (ax > 0).
HanmeHbIIMM 13 110102KNTENBHBIX KOPHEH ypaBHEHUH
i@ +ap’) =0 (5 =1,2,3)

apngerca s = 0.34, mpu sTom 3(2° + asp®) = 0.
3. Ompeiesienrie HOBO TOYKHM W MHOYKECTB MHIEKCOB:

2% = 25 + asp® = (0.11,1.01,-0.91) ", J (2% 6) = {1,3},

rak xak (%) = —0.05 > —85, v2(2%) = —0.16 < —d5, p3(2®) =0 > —65.

Ceapmas urepamusi. IlocsejoBaressio, Kak u Bbime, naxogum pb = (=1, —0.15, —0.26) T,
67 = 06 = 0.125, ag = 0.2, =7 = (—0.09,0.98, —0.96) .

Bocepmasi mreparms. Haxommv p7 = (0.3,-0.03,—0.18)T, §s = 07 = 0.125, ay = 0.09,
28 = (—0.06,0.98, —0.98) .

IIpuMmeHeHMe KpUuTepus ONTUMAJILHOCTH pereHus. Paccmorpny rouky 2 = (0, 1, —1)T,
K KOTODOH, BUIMMO, CXOIUTCS OCIeI0BaTeIbHOCTE Touek {z¥}. ViMeeM paBeHcTBa

p1(z7) =0, @2(2") =0, @3(2”) =0,

T. €. TOUKa T* TPUHAJJIICKUT BCEM ITOBEPXHOCTAM.

72



Permum B 3701 Touke 3aauy B:
0 — min,

<ec,p>—0=p3—o <0,
< py(*),p>—0=3py —p3 — 0 <0,
< ph(z*),p>—0=—p1 +3p2 —p3 — 0 <0,
< (), p>—0c=p —4ps —p3 — 0 <0,
—p1—1<0,p1=1<0, =p2—1<0, pp—1<0.

IMonyunm ming , 0 = 0* = 0. B cuiy Kpurepus onTuMaabHOCT! TOYKA ¥ sIBJISETCS PerrieHrneM
3a/1a4H.
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